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Introduction 



Presburger arithmetic |Pre29| is a decidable logic used in a large range of ap- 
plications. As described in [Lat04] . this logic is central in many areas includ- 
ing integer programming problems |Sch87j , compiler optimization techniques 
|Ome] ■ program analysis tools |BGP99[ IF097[ IFriOO] and model-checking 
|BFL04|, IFas|. ILas] . Different techniques |GBD02| and tools have been devel- 
oped for manipulating the Presburger- definahle sets (the sets of integer vec- 
tors satisfying a Presburger formula): by working directly on the Presburger- 
formulas [Kla04| (implemented in Omega [Omej ) . by using semi-linear sets 
|GS66| (implemented in Brain [RV02p . or automata (integer vectors being 
encoded as strings of digits) [ WB951 IBU96] (implemented in Fast |BFLP03j . 
Lash |Las| and Mona [K MS02] ). Presburger- formulas and semi- linear sets 
lack canonicity. As a direct consequence, a set that possesses a simple repre- 
sentation could unfortunately be represented in an unduly complicated way. 
Moreover, deciding if a given vector of integers is in a given set, is at least 
NP-hard [Ber77( fGSSBj . On the other hand, a minimization procedure for au- 
tomata provides a canonical representation. That means, the automaton that 
represents a given set only depends on this set and not on the way we compute 
it. For these reasons, autmata are well adapted for applications that require 
a lot of boolean manipulations such as model-checking. 

Whereas there exist efficient algorithms for computing an automaton that 
represents the set defined by a given Presburger formula |Kla04| |WB00| [BC96] . 
the inverse problem of computing a Presburger-formula from a Presburger- 
definable set represented by an automaton, called the Presburger synthesis 
problem, was first studied in [Ler03j and only partially solved in exponential 
time (resp. doubly exponential time) for convex integer polyhedrons [Lat04j 
(resp. for semi-linear sets with the same set of periods Lug04 J). Presburger- 
synthesis has many applications. For example, in software verification, we 
are interested in computing the set of reachable states of an infinite state 
system by using automata and in analyzing the structure of these sets with a 
tool such as [Omej which manipulates Presburger- formulas. The Presburger- 
synthesis problem is also central to a new generation of constraint solvers 
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for Presburger arithmetic that manipulate both automata and Presburger- 
formulas [Lat04[ IKla04| . 

The Presburger-synthesis problem is naturally related to the problem of 
deciding whether an autamaton represents a Presburger-definable set, a well- 
known hard problem first solved by Muchnik in 1991 [Muc91| with a quadruple 
exponential time algorithm. To the best of our knowledge no better algorithm 
for the full class of Presburger-definable sets has been proposed since 1991. 

In this paper, given an automaton that represents a set X of integer vectors 
encoded by the least significant digit first decomposition, we prove that we 
can decide in polynomial time whether X is Presburger-definable. Moreover, 
in this case, we provide an algorithm that computes in polynomial time a 
Presburger- formula that defines X . 
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Notations 



We provide in this chapter notations used in the sequel. 

2.1 Sets, Functions, and Relations 

We denote by Q, Q+, Z and N respectively the set of rational numbers, non- 
negative rational nurn,bers, integers, and non-negative integers. 

The intersection, union, difference, and symmetric difference of two sets 
A and B are written AnB, AuB, A\B, and AAB = {A\B) U {B\A). 

The class of subsets (rcsp. the class of finite subsets) of a set E is denoted 
by V{E) (resp. Vf{E)). The cardinal of a finite set X is written |X| e N. A 
partition 6 of a set is a class of non-empty subsets of E such that X\f\X2 = 
for any Xi, X2 £ 6 and E = Uxee ^• 

The Cartesian product of two sets A and -B is written A x B. The set 
X™ is called the set of vectors with m € N components in a set X. Given 
an integer i G {1, . . . , m} and a vector x e X"*, the i-th component of x is 
written x[i] £ X. 

The set of functions f : X ^ Y, also called sequences of elements in y 
indexed by X is written 1"^. A function / G X^ is said infective if f{xi) ^ 
f{x2) for any xi ^ X2 G X, surjective if for any y E Y there exists x G A" 
such that y — f{x), and bijective or one-to-one if it is both injective and 
surjective. A function / G Y^ is cither denoted by / : A ^ F, or it is 
denoted by / = {fx)xex and in this last case Y is implicitly known. Given 
a function f : X ^ Y and two sets A and B, we define f{A) and f~^{B) 
respectively the image and the inverse image of A and _B by /, given by 
f{A) = {fix); X e XnA} and f'^iB) = {x G A; /(.t) G S} (remark that 
A is not necessary a subset of A and B is not necessary a subset of Y) . 

An enumeration of a set E is an injective function f : N —>■ E. A countable 
set E is a, set E that has an enumeration. Recall that a finite set is countable 
and the class of finite subsets of a countable set is countable. 
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Let y be a countable set of boolean variables. A boolean formula 4> over the 
boolean variables is a formula in the grammar cf) := v\(f) n (})\(f) U 4)\4)\(f)\(f)A4> 
where v & V . K boolean valuation p is a function that maps each boolean 
variable t; to a set p{v). Observe that a boolean valuation p can be naturally 
extended to any boolean formula (f). Given a boolean formula (/)(fi, . . . ,Vn) 
where vi, ...,Vn are the boolean variables occurring in </> and some sets Ei, 
En, we denote by (f>{Ei, . . . ,En) the unique set p{(l)) where p is any valuation 
such that p{vi) = Ei. A set E is called a boolean combination of sets in a class 
C of sets if there exists a boolean formula (j){vi, . . . , Vn) and some sets Ei, 
En in e such that E = (f){Ei, .. ., En). 

Lemma 2.1. We can decide in polynomial time if a finite set E is a boolean 

combination of sets in a finite class C of finite sets. Moreover, in this case 
we can compute in polynomial time a boolean formula (l){vi, . . . ,Vn) and a 
sequence Ei, En of sets in C such that E = <j){Ei, . . . , i?„). 

Proof. Let us consider an enumeration Ei, En of the sets in C and let X = 
Ur=i ^i- consider the function / : X x {1, . . . , n} — > 'P{E) such that 

f{x,i) is the unique set in {Ei, X AEi} that contains x. Let us also consider 
the set Kx = PlILi /(^' ^) ^^'^ observe that E is a, boolean combination of sets 
in C if and only E = IJgg^ 

A relation 7^ is a subset of Si x ^2 where Si and 52 are two sets. We 
denote by siTZs2 if (si,S2) G Such a relation is said one-to-one if there 
exists a unique S2 & S2 such that SiTZs2 for any Si G 5*1, and if there exists a 
unique Si G such that siTZs2 for any S2 G S2. The concatenation TZi.TZ2 of 
two relations TZi C Si x S2 and TZ2 C ^2 x Ss is the relation TZi .TZ2 ^ SiX S3 
defined by siTZi.Ti2S3 if and only if there exists S2 € S2 such that SiTZiS2 
and 821^283. A binary relation TZ over a set 5 is a relation TZ C Si x S2 such 
that 5i = S — S2. Recall that a binary relation TZ over S is an equivalence 
if TZ is reflexive {sTZs for any s), symmetric {siTZ82 if and only if 82TZ8i 
for any 81,82 € S), and transitive {8iR,82 and 82TZ83 implies siTZsa for any 
si, S2, S3 G 5*). Given an equivalence binary relation TZ over S, the equivalence 
class of an element s G S is the set of s' £ S such that sTZs'. Recall that 
equivalence classes provide a partition of S. 



2.2 Linear Algebra 

The unit vector ej^m G where j G {1, . . . , m} is defined by ej^miJ] = 1 and 
ej,m[«] = for any i G {1, . . . , rn}\{j}. The zero vector eo,m G Q™ is defined 
by eo,™ = (0,...,0). 

Vectors x-\-y and t.x are defined by + = + and (t.a;)[i] = 
t.{x[i]) for any i G {1, . . .,m}, x,y e Q™, t G Q. We naturally define A + B = 
{a + b; {a, b) e A x B} and T.A = {t.a; {t, a) & TxA] for any ^, B C 
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and T C Q. For any a, 6 e Q™ and t e Q, let us define a + B = {a} + B, 
A + b = A + {6}, t.A = {t}.A and T.a = T.{a}. 

The infinite norm of a vector a; G Q™ is defined by = maxj 

where |a;[i]| is the absolute value of a;[i]. 

The dot product of two vectors x,y e Q™ is denoted by {x,y) = 

The greatest common divisor (gcd) of m G N\{0} integers x\, Xm is 
denoted by gcd(a;i, . . . ,Xm)- Recall that the gcd of of some integers can be 
efficiently computed in polynomial time thanks to an Euclidean algorithm. 

A rational number g G Q can be canonically represented as a tuple (n, d) G 
Z X (N\{0}) such that g = § and gcd(n, d) = 1. The integer size(9) G N is 
defined as the least (for <) integer such that n,d < 2^'^°^'*'. The integer 
size(x) G N where x G Q™ is defined by size(x) = X^i^li size(x[i]). The integer 
size(X) G N where X G P/(Q'") is defined by size(X) = J^xex size(x). 

A function / : Q™ is said affine if for any i G {1, • • • ,rn}, there 

exists Vi G Q™ and c; G Q such that = Cj + {vi,x) for any a; G Q™. 

The set of matrices with n G N rows and m G N columns with coefficients 
in a set X C Q is denoted by Mm,n(X)- Its elements are denoted by M[i,j] G 
X where 1 < i < n and 1 < j < m. 



2.3 Alphabets, Graphs, and Automata 

An alphabet E is a non-empty finite set. Given an alphabet E, we denote by 
17+ the set of non-empty words over E. Given a non-empty word a = b\ . . .bk 
of k G N\{0} elements bi G E, and an integer i G {1, . . . , k}, we denote by 
(T[i] the element a-[i] = bi. We denote by e the empty word. As usual E* 
denotes the set of words E^ U {e} and a language £ is a subset of E*. The 
concatenation of a\ G E* and ai G Z'* (resp. £i C iJ* and £2 C iJ*) is 
denoted by (Ji.(J2 (resp. iLi.£<2 = {_<^\-<^2\ (o'i,(J2) G ili x -^2})- Given a word 
fT G i^*, we define as usual cr* where i G N and cr* = {cr*; i G N}. The length 
of a word cr G 17* is denoted by |fT| G N. The residue .L of a language 
il. C 17* by a word cr G 17* is the language .L = {w G E*-. a.w G £-}. 

A graph G labelled by E is a tuple G = {Q, E, S) such that Q is the non 
empty set of states, E is an alphabet and 6 : Q x E ^ Q is the transi- 
tion function. Two graphs Gi = ((3i,I7, and G2 = {Q2, E ,82) labelled 
by E are said isomorph by a one-to-one relation 7^ C Qi x Q2, if we have 
^i{<li,b)TZ62{q2,b) for any qiTZq2 and for any 6 G i7. As usual, the transition 
function S is uniquely extended into a function S : Q x E* "> Q such that 
6{q,e) = q for any q G Q and such that (5(g, C7i.(j2) = d{6{q,ai),a2)- Given a 
word a G E*, we denote by the binary relation over Q defined by q q' 
if and only if q' = S{q, cr). In this case, wc say that there exists a path from a 
state g to a state q' labelled by a. Such a path is called a cycle on q if q = q' 
and a ^ e. Given a language L C E* , the binary relation — > is defined by 
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— >= U<TfE£, The binary relation is defined by — >= — >■. A state q' is said 
reachable from a state qo if go ~* q' ■ The notion of reachability is naturally 
extended to the subsets of Q: a subset Q' C Q is said reachable from a subset 
Qo C Q if the exists a state q' G Q' reachable from a state go & Qo- In this 
case the set Q' is said co-reachable from Q. A strongly connected component 
Q' is an equivalence class for the equivalence binary relation defined over 
Q by g ^ g' if and only if g ^ g' and g' ^ g. A graph G is said finite if Q 
is finite. In this case \G\ = \Q\ denotes the number of states of G, and the 
integer size(G) G N is defined by size(G') = 

An automaton A labelled by S is a tuple A = {ko, K, E, S, Kp) such that 
{K^ S, 5) is a graph labelled by S, kg € K is the initial state and Kp C 
K is the set oi final states. Two automata Ai = {ko,i, Ki, IJ,6i, Kp^i) and 
A2 = {ko^2,K2,S,S2,K2) labelled by S are said isomorph by a one-to-one 
relation TZ C Ki x K2 ii {Ki,S,6i) and {K2,S,S2) are isomorph by TZ, 
{ko,i,ko^2) € TZ, and we have fci € Kp^i if and only if k2 € i^F,2 for any 
{ki,k2) € TZ. An automaton with a finite set of states K is said finite. In 
this case, we denote by \A\ the number of states \K\ and the integer size(yi) 
is defined by size(^) = IX'I.IJi'l. The language L{A) C S* recognized by an 
automaton A labelled by S is defined by L{A) — {a £ S*; S{qo,a) G Kp}. A 
language Z C S* is said regular if it can be recognized by a finite automaton. 
Recall that a language £ C X'* is regular if and only if the set of residues 
{cr~^.iL; a G S*} is finite. In this case the automaton (£, K, E, d, Kp) defined 
by the set of states K = {a~^.L; a S S*}, the transition function S{k,b) = 
b~^.k which is in K since b~^.a~^.L = {a.b)~^.L and the final set of states 
Kp = {k G K; e G k} is the unique (up to isomorphism) minimal (for the 
number of states) automaton labelled by S that recognizes L. 
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Logic and Automata 
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Finite Digit Vector Automata 



In this chapter, the Finite Digit Vector Automata (FDVA) representation, a 
state-based representation of set of integer vectors is presented. 



3.1 Digit Vector Decomposition 

In this paper, r denotes an integer in N\{0, 1} called basis of decomposition. 
The set Sr = {0, ...,r — 1} is called the set of r-digits and the set Sr = 
{0, r — 1} C is called the set of r-signs. Given an integer m e N\{0} called 
dimension^ we intensively used the alphabets Sr^m = and Sr,m = 
whose the elements are respectively called the {r,m) -digit vectors and the 
{r,m)-sign vectors. Naturally, a word over the alphabet Ur,m can also be seen 
as a word over the alphabet Sr with a length multiple of m. In order to simplify 
notations, these words are identified. Moreover, given a word a G S*^, we 
denote by \a\m the length of a seens as a word over the alphabet Sr,m and 
defined by [cr|,„ = — , and given a word a = bi . . . hk of k E N\{0} (r, m)- 
digit vectors hi € Sr^m and an integer i S {1, . . . , k), we denote by a[i]m the 
(r, m)-digit vector (j[i]m = h. 

A ir^m)- decomposition {(t.s) of an integer vector x £ Z™ is a cou- 
ple (cr, s) € E*^x Sr,m Corresponding to a least significant digit first de- 
composition of X in basis r. More formally, we have x = Pr,m{(^,s) where 
Pr,m '■ ^rm^ ^r,m ^ is defined by the following equality: 



Example 3.1. (Oil, 0) is a (2, l)-dccomposition of 6 = 2^ + 2^. 

Example 3.2. (e, 1), (1, 1), (11, 1), (1 ... 1, 1) are the (2, 1) -decompositions 
of —1 and (e, 0), (0, 0), (0 ... 0, 0) are the (2, l)-decompositions of 0. 
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Following notations introduced in [Ler04| . function p^.m can be defined 
thanks to the unique sequence {jr,m,a)creS' of functions jr,7n,a ■ ^™ ^ 
such that 7r,m,o-i.o-2 = lr,m,ai°lr,m,a2 for any CTi , £ E*,-fr,rn,e is the identity 
function, and such that 'Yr,m,b{x) is defined for any {b,x) & Ur x Z™ by the 
following equality: 

7r,m,b(a;[l], ■ ■ • , x[m\) = {r.x[m] + b, x[l], x[m - 1]) 

In fact, we deduce that for any (r, m)-decomposition (cr, s), we have the fol- 
lowing equality since ^r,m.w{x) — r.x + w for any (w, x) G i^r,m x 

1 — r 

Function pr,m can be used to associate to any language Z C E* ^ x Sr,m, 
the set of integer vectors X = pr,m{Z)- Remark that pr^m is a surjective 
function (we have pr,m(^*m ^ Sr^m) — Z'") because any vector x e 
owns at least one (r, m)-deconiposition. Hence, for any subset X C Z™, there 
exists at least one language L such that X = pr^mi^)- However, intersection 
of languages does not correspond to intersection of sets of integer vectors: 
for instance, consider Li = {(0,0)} and £2 = {(O-OjO)} ^-^d remark that 
{0} = pr^i{Iii) n Pr^i{£j2) 7^ Pr,ii^i (^^2) — 9- In Order to avoid this problem, 
we introduce the notion of saturated languages. 

A lang is said (r, m) -saturated if for any (r, m)- 

decompositions ((Ti,si) and (172,52) of the same vector, we have ((Ti,si) £ 
if and only if (172,52) G XL. Remark that S*m ^ Sr,m is a (r, m)-saturated 
language such that pr,m(^*m ^ Sr,m) = and £ji#£;2 is a (r, m)-saturated 
language such that Pr,m.{^i#^2) = Pr,mi^i)#Pr,m{^2) for any pair (£i,£;2) 
of (r, m)-saturated languages, and for any # e {U, fl, \, A}. 

The (r, m)-decompositions of the same integer vector are characterized by 
the following lemma [3T3l 

Lemma 3.3. Two {r,m)- decompositions ((7i,si) and (172,52) represent the 
same integer vector if and only if si — 52 and ffi.sl H i72-52 ^ 0- 

Proof. Consider two (r, m)-decompositions (cti,si) and (172,52) such that 
there exists s G Sr,m and ki,k2 S N satisfying si = 5 = 52 and cti.5^^ = 172 -52^, 
and let us prove that (tri, si) and (0-2, S2) represent the same vector. Just re- 
mark that 7r,m, 3(^37) = for any 5 e S'r,m- Hence, an immediate induction 
(over ki and ^2) shows that (ci, 5i) and (172, 52) represent the same vector. 

For the converse, consider two (r, m)-decompositions (cti,si) and ((12,52) 
that represent the same vector. Remark that for any (r, m)-decomposition 
((7, s) of an integer vector x G Z™, we have s[i] =0 ifx[i] € N and s[i] = r — 1 if 
x[i] e Z\N for any i G {1, . . . , m}. Therefore, as (cti, 5i) and ((T2, S2) represents 
the same vector, we deduce that there exists 5 G Sr,m such that 5i = s = 52. 
Consider ki and ^2 such that |i7i | = I172 1 + ^2- From the first paragraph, we 
deduce that (wi, s) and (1^2, 5) represent the same vector where wi ~ ai.s^^ 
and W2 — 172.52^. By uniqueness of the (r, m)-decompositions with a fixed 
length, we deduce that wi = W2. □ 
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3.2 State-based Decomposition 

A language of (r, m)-dccompositions can be naturally represented by a state- 
based representation. Our representation is obtain by considering the natural 
one-to-one function from the set of (r, m)-decompositions to the set of words 
in E* ^.().Sr^m that associate to a (r, TO)-deconiposition (cr, s) the word cr.O.s 
where is an additional letter not in Er- 

Observe that an automaton A recognizing a language included in S* ,^.().Sr. 
can be decomposed into (1) a graph called Digit Vector Graph corresponding 
to the part of A before a letter, and the part of A after a letter called a 
final function. 

Definition 3.4. A Digit Vector Graph (DVG) is a tuple G = {Q, m, K, S^, S) 
where Q is the nan empty set of principal states, r e N\{0, 1} is the basis of 
decomposition, m £ N\{0} is the dimension, and {K,S^,5) is a graph such 
that Q Q K and 6(Q, Sr,m) ^ Q- 

A Finite Digit Vector Graph (FDVG) G is a DVG with a finite set of states 
K. Given a FDVG G, the integer size(G) G N is defined by size(G) = r.\K\. 
The parallelization [G] of a DVG G = (Q,m, K, Er,S) is the graph [G] = 
{Q, Sr,m, S)- We introduce DVG rather than graph labelled by Sr,m in order 
to establish fine polynomial time complexity results that should be useless 
with an exponential size in m of the alphabet Sr.m- Naturally any graph 
labelled by Sr,m is equal to the parallelization of at least one DVG in basis r 
and in dimension m. 

Definition 3.5. A final function is a tuple F = {Q, f,m, K, Sr, S, Kp) where 
Q is the nan empty set of principal states, r G N\{0, 1} is the basis of 
decomposition, m G N\{0} is the dimension, {K,Sr,S) is a finite graph, 
f : Q ^ K is a function mapping principal states to states in K, and Kp C K 
is the set of final states such that the language recognized by the automaton 
{f{q),K,Sr,d,Kp) is a subset of Sr,m for any principal state q G Q. 

A final function F is said finite if the set of principal states Q is finite (observe 
that K is finite by definition). Given a finite final function F, the integer 
size(i^) G N is defined by size(F) = \Q\ + \K\. The parallelization [F] of a final 
function F = {Q, f,m, K, Sr,S, Kp) is the function [F] : Q ^ 'P{Sr,m) such 
that [F]{q) is the language recognized by the automaton (/(g), K, Sr, S, Kp). 

A DVG G and a final function F are said compatible if they are defined 
over the same set of principal states with the same basis r and the same 
dimension m. Given a tuple {q, G, F) where g is a principal state, G is a DVG 
and F is a final function compatible, we denote by L{{q, G, F)) the following 
language of (r, TO)-decompositions: 

Laq,G,F)) = {iw,s) G S;,m X Sr,m; s G [F]{d{q,w))} 

Recall that we are interested in recognizing (r, m)-saturated languages. A final 

function F is said saturated for a DVG G if it is compatible with G and if 
£(((?, G, F)) is (r, rn)-saturated for any principal states q € Q. 
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Proposition 3.6. A final function F is saturated for a DVG G if and only 
if F and G are compatible and [F]{qi) n {s} — [F]{q2) fl {s} for any qi q2 
with {qi, s, (72) G Q X Sr.m X Q- 

Proof. Assume first that i^{{q, G, F)) is (r, m)-saturated for any state q G Q, 
and let us prove that s S if and only if s £ [F]{q2) for any qi (72 with 

{qi,s, 52) e Q X Sr,m X Q. Assume first that s e [F] (gi). Lemma [331 proves that 
Pr,m(e,s) — Pr,m(s,s). As ii{{qi,G, F)) is (r, TO)-saturated, we deduce that 
(s, s) e £(((71, G, F)). From (72 = S{qi,s) we get s £ [F]((72). Next assume 
that s e [F]{q2). We get (s,s) € L{{qi,G, F)). As this language is {r,m)- 
saturated and Pr,m{s,s) — pr,m{^,s), we deduce that (e, s) G iL(((7i, G, F)). 
Therefore s e 

Next, assume that [F]((7i) n {s} = [F]((72) H {s} for any gi ^ (72 with 
(91, s, (72) G Q X S'r,™ X (5, and let us prove that £-(((7, G, F)) is (r, m)-saturated 
for any state q G Q. Let us consider two (r, TO)-decomposition (a, s) and (ct', s') 
of the same integer vector such that (cr',s') € L{{q,G, F)) and let us prove 
that {a, s) S G, F)). From lemma [331 we deduce that s = s' and there 
exists k,k' £ N such that a.s'' = a' .s^' . As s S £((gi,G, F)) if and only 
if s e L{q2,G, F) for any qi — > (72 with gi,g2 G Q, an immediate induc- 
tion shows that {cr',s') £ £j{{q,G, F)) imphes (a, s) G £(((7, G, F)). Therefore 
£(((7, G, F)) is (r, m)-saturated for any q & Q. □ 

We can now introduce our definition of digit vector automata. 

Definition 3.7. A Digit Vector Automaton (DVA) is a tuple A — (go, G, Fo) 
where qo £ Q is the initial state, G is a DVG and Fq is a final function 
saturated for G. 

A Finite Digit Vector Automaton (FDVA) A is a. DVA with a finite DVG G 
and a finite final function F. Given a FDVA A, the integer size(yi) is defined 
by size(yi) = size(G) + size(F). Given a DVA A = (go,G, Fq), the (r, m)- 
saturated language L{A) = li{{qo,G, Fq)) is called the recognized language of 
A. The set X = pr_rn{^iA)) is called the set of integer vectors represented by 
A. 

Let us show that any set X C Z™ can be represented by a DVA by 
introducing the DVG Gr,m{X) — {Qr,miX),m, Kr^miX), Sr, Sr.m) where 

5r,m is defined by 5r,m{y,b) = 7r^m,b(^) for any Y G Kr,ra{X) and 6 G 17^. 
Finally, let us consider the tuple Ar^m{X) = (X, Gr,m{X), Fr^m) where F^^m is 
any final function such that [Fr^mlf^) = 5'r,mn(l — r).y for any Y G Qr,m{X). 

Proposition 3.8. The tuple Ar^m{X) is a DVA in basis r and in dimension 
m that represents X. 

Proof. Let us first prove that Ar,m{X) is a DVA in basis r and in dimension 
m. It is sufficient to show that [Fr^m]{Qi) H {s} = [Fr_m\{Q2) H {s} for any 
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qi 92 where {qi,s, q2) € Q x Sr,m x Q- As gi ^ q2, we get = ^^A'^^^ 
Remark that [Fr^rn]{Qi) = Sr,m n (1 - and [Fr^,n]iq2) = Sr^,n n (1 - r).g2- 
As -fr^mAi^) = T^f' ■^^e deduce that [^;,m](«i) n {s} = [^^,^(92)] n {s}. We 
are done. 

Now, let X' be the set represented by the DVA Ar,m{X), and let us prove 
that X' = X. Let x e X' . There exists a (r, m)-decomposition {a, s) of x such 
that (cr, .s) e £(yir,m(^)). Let q = (5r-,m(go, o"). We get q = j'^^.^^iX). Prom 
s G [Fr,„i]((7), we deduce s e S'r,m n (1 - r).g. Hence e q ^ 7,7,^„ 
and we obtctin 'jr^m .o-d^f) e X. As /Or,m(o-,s) = a;, we get a; G X and we 
have proved the inclusion X' C X. For the converse inclusion, let x € X. 
Let us consider a (r, m)-dccomposition (cr, s) of x. As x — Pr.m{<^,s) and 
Pr,m{cr,s) = 7-4,^(^), we get s G S'r.m n (1 - r).q where g = 7-4,(,(^). 

Therefore qo q and s G [-Fr,m](g)- That means Pr,m(c, s) G X' and we have 
proved the other inclusion X C X'. □ 
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Modifying a DVA 



The sets obtained by moving the initial state of a DVA are geometrically char- 
acterized in section 14.11 and the set obtained by modifying the final function 
of a DVA are studied in section [4?2l 

4.1 Moving the initial state 

The DVA obtained from A by replacing the initial state go by another principal 
state q E Q is denoted by Aq. Given a set X implicitly represented by a DVA 
A with a set of principal states Q, we denote by Xq the set represented by the 
DVA Aq. In this section the set Xq^ is geometrically characterized in function 
of Xq^ for any path qi ^ q2 where {qi,w, (72) G Q x ^r,m ^ Q- 

Proposition 4.1. Let X be a set represented by a DVA in basis r and in 
dimension m with a set Q of principal states. We have Xq^ = ^{Xq-^) for 

any path qi ^ q2 where {qi,w, 92) £ Q x ^r,™ ^ Q- 

Proof. Consider x e Xq^. There exists (cr, s) G UlAq^) such that x — 
Pr,mi,o', s). From (w.cr, s) G L{Aq^), we deduce that /9r,m(w.cr, s) G Xq^ . Just re- 
mark that pr,m(w.cr, s) — "fr.m,w{Pr.m{o', s)) = jr,m,wix). Wc havc provcd that 
Xq2 Q Irm wi-^qi)- For the converse, consider x G Jrm wi-^qi)- '^sc- 
tor owns at least one (r, m)-decomposition, there exists a (r, m)-decomposition 
(cr, s) such that a: = Pr,mia; s). From x G 7,^m,to(-^<7i): we get "fr,m,w{x) G Xq-^. 
Just remark that jr,m,w{x) = pr,m{w.a, s). As L{Aq-^) is (r, m)-saturated, we 
get (w.cr, s) e L{Aq^). In particular (cr, s) G ii{Aq.^). Hence x = Pr,m{o',s) £ 
Xq^. We have proved the other inclusion Jr.m,wi^qi) ^ -^92- ^ 

Theorem 4.2. Let X be a Presburger- definable set represented by a DVA 
A — {qo,G, Fq). The set Xq is Presburger- definable for any reachable (for 
[G\) principal state q Q. 
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Proof. The proof is immediate because if X is Presburger-definable, there 
exists a formula 4> in FO(Z, N, +) that defines X. Consider a reachable (for 
[G]) principal state q £ Q. There exists a path qo q with a £ S*^-^. 
From proposition |4?ll we deduce that Xg is defined by the Presburger formula 
4>cj(x) := 3y; (?/ = 7r,m,(7(a;) A 4>{y))- Therefore Xq is Presburger-definable. 
□ 
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Fig. 4.1. On the left, F:^!^^^ with its fix-point (,2,1(0). On the right r2,2,(o,o) (Z^) 

Previous proposition l4.1| provides a characterization of the sets obtained by 
moving the initial state of a DVA to another principal state. This character- 
ization can be translated into a geometrical one by considering the unique 
sequence (/^r,m,u))toei:* of afhne functions -Tr.m.u) : Q™ Q™ such that 
= rr,m,wi o rr,m,w2 for any {wi,W2) G S* , such that Fr^m.t is the 
identity function and such that rr_m,b{x) is defined for any (b,x) £ Ur x Q™ 
by the following equality: 

-nr,m,b(a;[l], ■ ■ • , x[m\) = {r.x[m\ + b,x[l], ... , x[m - 1]) 

As 7r,m,<j(a;) = rr,m,a{x) for any x G Z™, we deduce that lr,ln.a{^) = 
^(X n rr^„j,^(Z'")). Now, just remark that given a G ^rrm rr,m,cr{x) — 
_x + 7r.m,CT(eo,m) is simply a scaling function (an affine function of the 
form X A^.a; + w where n G Q\{0} and v G Q™) and r^,™,^(Z™) = 
rl'^I.Z™ + 7r.m,(T(eo.m) is a pattern (see figure l4Tl and section [9?3)l . 

Remark 4.3. Function i^r.?ri,tu is the unique affine function that extends "fr,m,w' 
there exists a unique affine function / : Q™ ^ Q™ such that f{x) = 7r,r,to(a^) 
for any x G Z™. 
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The following lemma introduces the geometrically characterized vectors 
^r,m(o') that will be useful in the sequel. 

Lemma 4.4. The function ^r,m ■ ^r.rn ^ defined by ^r,micr) = "''''i'"'ril?,„"'^ 
is the unique function such that Cr.m{<^) is a fix-point of rr_m,a for any 

Proof. Remark that ^r,m(c) is a fix-point of rr^m,cn and if a; is a fix-point of 
-fr.m.tT, then rl'^l'^.a; -I- 7r,m,(T(eo,m) = x and we deduce that x = ^r.m{o')- □ 

In the sequel the sets X C Z™ such that there exists a G satisfying 
^rm.ai-^) = ^rc useful since intuitively ^r,m(o') is a fix point of these sets. 
Such a set is said (r, m, a)-cyclic. 



4.2 Replacing the final function 

Given a set X implicitly represented by a DVA A — {qq, G, Fq) and given a 
final function F saturated for G, we denote by X^ the set represented by the 
DVA obtained from A by replacing Fq by F. 

4.2.1 Detectable sets 

A set X' C Z™ is said {r,m)- detectable in a set X C Z™ if 7-^^ = 

7r,m,(T2 ("''^') f*-"^ ^'ly words Cri,cr2 £ ^r,m SUCh that 7r,m,(Ti(^) — 7r,m,(T2 

(X). 

The following theorem l4.5l shows that these sets characterize the sets X' C Z™ 
such that for any DVA A — (go, G, Fq) that represents X, there exists a final 
function F saturated for G such that X' = X^ . 

Theorem 4.5. A set X' C Z™ is {r,m)- detectable in a set X C Z™ i/ anrf 
okZ?/ i/ for any DVA A that represents X , there exists a final function F 
saturated for G such that X' — X^ . 

Proof. Assume first that for any DVA A = (qojGjFq) that represents X, 
there exists a final function F saturated for G such that X' = X^. Let 
us consider the DVA Ar^m{X) = {X,Gr,m{X), Fr^m) where Gr^m{X) — 
{Qr,miX),m,Kr,miX), Sr,Sr,m)- There exists F : Qr,m{X) 'P{Sr,m) such 
that X' is represented by the DVA {X,Gr,m{X),F). Consider ai,a2 G ^r,m 
such that ^r,rn.ai{^) — 7r^m.cr2 ("'^) • definition of Ar,m{X), there exists 
y £ Qr,m{X) such that 5r,m{X, (Ti) = Y — 5r,m{X, CT2). Proposition l4 . 1 1 proves 
that 7-^ {X') = X^ ^ Ir^n^-y^i.^')- Therefore X' is (r, m)-detectable in X. 

Next, assume that X' is (r, m)-detectable in X and let us consider a DVA 
A = {qojGjFq) that represents X where G = {Q,m, K, S^i S). Let F be a 
final function over Q such that = {s £ 5r,„i;3CT £ ^rm! ^(^OjC) £ 

6{q,s*) Ap„n{cr,s) e X'}. 
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Let us first prove that F is saturated for G. Consider a transition q q' 
with s e Sr^ni, and let us prove that s e [F]{q) if and only if s G [F]((7'). 
Assume first that s G We deduce that there exists a e S*^^, and 

integer k G N such that 6{qQ,a) — 6{q,s'') and Pr^m{(^,s) G X'. From 
d{qo,(T.s) ~ S{q',s'^) and pr/mlc-Sis) — Pr,m{o',s) G X', we deduce that 
s G [-F](g'). Let us prove the converse and assume now that s G [F] (<?'). 
There exists a word a G S*, an integer k & N such that 5((7o, o") = (^(q', s*^) 
and such that Pr,m{o',s) G X'. Just remark that S{qo,(T.s) = 6{q,s''^^) and 
Pr,7n{<^-s,s) = Pr.mlCT, s) G X'. Hcncc s G [-F](<z)- Wc havc proved that F is 
saturated for G. 

By construction of F, we have X' C X^. Let us prove the converse 
inclusion. Consider a vector x G X^. There exists a (r, TO)-decomposition 
{w,s) G il-^ such that Pr,m{'w,s) = X. Let g = S{qQ,w). We get s G [F]{q). 
That means there exists a G such that S{qo,a) G S{q,s*) and such 

that Pr,m{<^,s) G X'. By replacing w by a word in w.s*, we can assume 
that 5{qQ,a) — q. From 5{qo,(7) — 5{qo,w), proposition 14.11 shows that 
^Lai^") =^ 7™,to(^)- As X' is detectable in X, we get 7r^m,a(-^') = 
7r^rn,ii>(^')- Morcovcr, as pr,m{o, s) G X' , we deduce from the previous equal- 
ity that X = pr,m{w, s) G X'. We have proved the other inclusion X^ C X'. 

a 

The following proposition will be useful for deciding if a set X' is (r, m)- 
detectable in a set X represented by a DVA A in basis r. 

Proposition 4.6. Let us consider a FDVA A in dimension m in basis r with 
n states. We can compute in polynomial time a set U of at most r.m.n pairs 
(ci, CT2) of words in Z"^" satisfying \ai \ +m.'L = \a2 \ +m.'L for any (cri, CT2) G 
U , and such that for any set X' C Z™, there exists a final function F such 
that X' is represented by A^ if and only if lr,m.<yi{^') — 7r%m,o-2(^') ■^'"^ '^"■2^ 
(cri,cr2) G U. 

Proof. We first show that for any z G N and for any X C Z™ we have 
Uaei;; lr,m,c,{l7,L,aW) = X. Naturally lr,'m,a{nr,liA^)) - ^ 
a G S* and in particular we get the inclusion Uctgi;^ lr,m,tT{'Jr,m,ai-^)) ^ 
For the converse inclusion, let x G X. There exists a (r, m)-decomposition 
(w, s) of X and by replacing w by a word in w.s* , we can assume that \w\ > z. 
In particular there exists a decomposition of w into w — a.w' where tr G i^^. 
Since pr^mio'.w' , s) = 7r,m,cr(Pr.m(w', s)) and pr^mio'.w' , s) — X X , we deduce 
that Pr,ni{w',s) G JrX,ai^) ^nd hcucc X G 'yr,ni,cr{jr}n,ai^))- We havc provcd 
the converse inclusion. 

Let 5* be the set of couples s = {k,Z) G -ft' x Z/m.Z such that there 
exists a word as G S* satisfying s = {S{qQ,as), \crs \ + m.Z), and let {as)ses 
be a sequence of words satisfying the previous condition, (T(g(,_m.z) = ^ and 
|as| < n for any s € S. Observe that such a sequence {as)seS is computable 
in polynomial time. Let us consider the set U of pairs {asi-b,crg^) where si = 
(ki,Zi), S2 = (^2,^2) are in S and b Sr satisfies §2 — {d{ki,b), Zi + 1). 
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Note that U is computable in polynomial time and it contains at most r.m.n 
pairs {(Ti,<J2) of words in S^" satisfying \ai \ + m.Z = 1172 1 + m.Z for any 
(0-1,(72) e U. 

Assume first that there exists a final function F such that X' is rep- 
resented by and let us prove that lr}n,(yi{^') = lr}n,(j2i-^') 
(ci, CT2) £ C^- Remark that it sufficient to prove that 7"^ (X') = (X') 
for any pair ((Ti,cr2) of words in such that there exists s = {k, Z) Cz U 
satisfying {d{qo,ai),\ai\ + m.Z) = s = (5(go, 0'2), |cr2 1 + m.Z). There exists 
2: £ {0, . . . , m — 1} such that Z + z — m.Z. Since (5(qo, cri) = i5('?o, ^'2) we 
deduce that S{qo,ai.a) — S{qo,a2-(j) for any word a G S^. As ai.a and a2-<J 
are both in Z'*„j, proposition 14.11 shows that 'yr.ni,ai.cri^') = lr,ni.cr2.cri-^')- 
Thus 7r;m,^(^l) = lr,LA^2) for any a £ where X( = Tr^m.^iC^') 
and = j-^,,^{X'). We have proved that [jaeS',_^^r^"^A%LA^i)) = 
U^ei;; 'yr,m,<T{lr,m,a{^2))- From the first paragraph we get X{ = X^. 

Next assume that 7^m,(Ti (-'^O — lr.m,a2i'^') & U and let 

us prove that there exists a final function F such that X' is represented by 
A^. As previously, it is sufhcient to prove that Jr,m,<7i{^') — lr,m,a2i^') 
for any pair (ai,cr2) of words in S* such that there exists s = {k, Z) Q S 
satisfying {d{qo,ai),\ai\ + m.Z) — s — (^((jo, cr2), |cr2| -l-m.Z). Let us remark 
that it is sufficient to prove that j~^^^{X') — 'lr,m,asi'^') fo'' ^^^y o- £ S* 
where s = {S{qo, cr), \cr\ + m.Z). Let us consider a sequence 61, bi of r-digits 
bj € Sr such that a — bi . . .bi and let Sj = (<5((7oi bi . . .bj), j + m.Z) G 5 for 
any j e {0, . . . , i}. By hypothesis, we have 7^^ ^ . {X') = 7"^^^^, . (X'). In 

particular 7rTm,<T,. .6,(^0 = 7rrm.<T, . .b,+i...6, (^') for any j G {!,..., i}. 
We deduce that 7rT™,<T,„.bi.. .6,(^0 7™,^=, (^')- Since a,„ =e,a = bi...bj 
and s,; — s, we have proved that j:^^-i^ g.{X') = 7^;^^ ^.^(X'). □ 

Let Z^ rn,s be the set of vectors x e Z™ having a (r, m)-decomposition of 
the form (cr, s) where a G ^* This set is defined by the foUwoing Presburger- 
formula: 

( A 2;W>0)A( f\ xW<0) 

j; s[z]— 2; r— 1 

The sets Zr^m.s naturally appear as (r, m)-detectable sets as shown by the 
following proposition 14.71 that characterize these sets. 

Proposition 4.7. A set is {r,m)- detectable in any set X C Z™ if and only if 
it is equal to a union of Zr^m,s- 

Proof. Let us consider a finite set Z C Sr,m and a DVA A that represents a set 
X and just remark that IJ^g^ Zr.m,s is represented by the DVA A^ where F 
is a final function such that [F]{q) — Si for any q £ Q. Therefore IJ^g^ -^r.m.s 
is (r, m)-detectable in any set X C Z™. Conversely, let us consider a set X' 
that is (r, m)-detectable in any set X. As is represented by a DVA with one 
unique principal state qo, and X' is (r, m)-detectable in 0, we deduce that 
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there exists a final function F such that X' is represented by . Therefore 

Example 4-8. The set Xijf^X2 is (r, m)-detectable in X for any (r, m)-detectable 
sets Xi, X2 in X, and for any # G {U, n, \, A]. Thus, any boolean combina- 
tion of sets (r, m)-detectable in X is (r, m)-detectable in X . 

4.2.2 Eyes and kernel 

Consider a FDVG G — {Q, ni, K, Sr, S). Given a (r, m)-sign vector s e Sr,m, 
let us consider the equivalence relation over the principal states Q defined 
by qi ~s 92 if and only if S{qi,s*) n S{q2,s*) ^ 0. An equivalence class 
Y C Q for is called an s-eye (or just an eye). Given an s-eye Y, we 
denote Fg^y ■ Q ~^ 'P{Sr.m) a final function defined by [Fs.Y]{q) — {s} if 
q G Y and defined by [Fs^Y]{q) = otherwise. Notice that a final function 
F : Q ^ V{Sr,m) is saturated for G if and only if [F\ is a finite union of final 
functions [i^s.y]- 




Fig. 4.2. On the left an s-eye. On the right its s-kernel. 

The s-kernel kers(F) of an s-eye F C Q is defined by kers(F) — 
HieN "^(^' ^*)- Remark that the s-kerncl of an s-eye F is a non empty set 
of the form kers(F) = {qi, . . . , gt} such that qi q2 ■ ■ ■ qk — > qi (see figure 

EM- 
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Expressiveness 



The expressiveness of the FDVA representation is studied in this section. We 
first prove in section 15.11 that a subset of Z™ can be represented by a FDVA 
if and only if it is r-definable |BHMV94] . Next in section section [5?2l we show 
that the Number Decision Diagram (NDD) [WBOOj representation, an other 
state-based symbohc representation for subsets of Z™ is shghtly equivalent 
(up to polynomial time translation) to the FDVA. 

5.1 Sets r-definable 

Recall IBHMV94] that a set AT C Z'" is said r-definable if it can be defined 
in the first order theory FO (Z, N, +, Vr) where : Z ^ Z is the r-valuation 
function defined by Vr{0) = and Vr{x) is the greatest power of r that 
divides x G Z\{0}. Note |BHMV94| that a subset X C N" is definable in 
FO (N, +, Vr) if and only if the language {a S S*^^; Pr,m{o; eo,m)} is regular. 
We are going to prove that a set X C Z™ can be represented by a FDVA 
in basis r if and only if it is r-definable by decomposing such a set into sets 
of the form fr,m,s{Xs) where Xs C N™, s £ Sr^m is a (r, m)-sign vector, and 
fr,m,s is the function given in the following definition. 

Definition 5.1. Given a {r,m)-sign vector s G Sr.rn, we denote by fr.m,s '■ 
Z™ Z™ the function defined for any x £ Z™ and for any i G {1, . . . , m} by: 



Remark that X = (J^^^ fr,-mA^s) where X^ = N" n fr,mA^)- The fol- 
lowing two propositions 15.21 and 15.31 shows that a FDVA that represents Xg is 
computable in linear time from a FDVA that represents X. 

Proposition 5.2. For any {r,m)-sign vectors s £ Sr^m, o, FDVA that repre- 
sents fr,m,s{X) in basis r is computable in time 0{m.size(A)) from a FDVA 
A that represents a set X C Z™ in basis r. 
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Proof. Let us consider a FDVA A — (qo, G, Fg) that represents X in basis r. 
Without loss of generahty, we can assume that G and Fq share the same set of 
states K and the same transition function S. That means G = (Q, m, K, Sr, 6) 
and F = (g, /, m, X, S"^, <5, ^Cf)- 

Let us first assume that there exists a function I : K 'L/m.'L such that 

l[k') = l{k) + 1 for any transition k ^ k' where {k,b,k') G K x Sr x K, 
such that l{qo) = 1 and l{f{q)) — 1 for any q € Q. Let us consider the two 
bijective functions tr,0: tr.r-i '■ ^ Sr where tr^o is the identity function and 
tr,r-iib) = r — l — b for any b d Sr - By replacing the function (5 in G and Fq by 
the function 5' given by 6'{k,b) — S{k,tr.sii(k)]{b)) we deduce a DVG G' and 
a final function F' such that the DVA A' — {qo,G',F') represents fr,m.s{X) 
in basis r. This result is well know and the proof is left to the reader. 

In the general case, if the labeling function / does not exist, by multiplying 
the size oiA by m, a DVA A" that represents X in basis r and owns a labelling 
function I can be easily obtained. Hence, we are done. □ 

Proposition 5.3. A FDVA that represents Ci X in basis r is computable 
in linear time from a FDVA that represents a set X C Z"* in basis r. 

Proof. Let us consider a FDVA A ~ {q(),G,Fo) that represents X. Remark 
that in linear time we can compute a final function F with the set Q of 
principal states such that [F]{q) = {eo,m} if eo,m £ [Fo]{'l) and [F]{q) — 
% otherwise. Now, just remark that N™ n A" is represented by the FDVA 

(go,G,F). □ 

We can easily deduce the following theorem 15.41 

Theorem 5.4. A set X Z™ can be represented by a FDVA in basis r if and 
only if it is r-definable. 

Proof. Assume first that X is r-deflnable and let us prove that X can be 
represented by a FDVA in basis r. As X is r-definable, the set Xs = N™ n 
fr,mA^) is r-definable for any s £ Sr,m. As X^ C N™, from tBHMV9'4] 
we deduce that {a G -S"*.™; Pr,m(o', eo,m) S Xg} is regular. Therefore Xs 
can be represented by a FDVA in basis r. From proposition 15.21 we deduce 
that fr.m,s{Xs) can be represented by a FDVA in basis r. Therefore X = 
Uses fr.m,s{Xs) cau be represented by a FDVA in basis r. For the converse, 
assume that X is represented by a FDVA in basis r and let us prove that X is r- 
definable. From propositions 15.21 and 15 . 31 we deduce that Xs = Ci fr,m,s{X) 
can be represented by a FDVA in basis r. As Xs C N™, from [BHMV94] we 
deduce that Xs is r-definable. As X ~ Uses fr,m.s{Xs), we deduce that X 
is r-definable. □ 

Remark 5.5. We can easily prove that for any set X C Z™, the set X is r- 
definable if and only if the DVA Ar^m{X) is finite and moreover in this case 
it is the unique (up to isomorphism) minimal (for the total number of states) 
FDVA that represents X in basis r. 
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5.2 Number Decision Diagrams (NDD) 

Recall [WBOOj that a Number Decision Diagram (NDD) A in basis r and in di- 
mension m that represents a r-definable set X C Z™ is a finite automaton over 
the alphabet Er that recognizes the regular language {a.s; {a, s) e p:^j^{X)}. 
We do not consider NDD in this paper because (1) the class of regular lan- 
guages included in E*,^.Sr,m is not stable by residue which means the au- 
tomaton obtained by moving the initial state of a NDD is not a NDD any- 
more, and (2) rather than replacing the final function _fo of a FDVA A by 
another final function F is structurally obvious, the corresponding operation 
over NDD is not immediate since the FDVG G and the finite final function 
Fq are encoded into a single automaton. Nevertheless, polynomial time algo- 
rithms provided in this paper can be applied to NDD thanks to the following 
translation proposition 15.61 

Proposition 5.6. A NDD that represents X in a basis r is computable in 
quadratic time from a FDVA that represents a set X in basis r. Conversely, a 
FDVA that represents X in basis r is computable in linear time from a NDD 
that represents a set X in basis r. 

Proof. Let us consider a letter not in Sj. and let us consider the one-to-one 
function / : S* ^.().Sr,m — >■ ^r,m-^r,m- It IS sufRcieut to show that (1) a finite 
automaton that recognizes L' = f{^) is computable in quadratic time from 
a finite automaton that recognizes a language L C S* ^.().Sr,m, and (2) a 
finite automaton that recognizes iL = f^^{£j') is computable in linear time 
from a finite automaton that recognizes a language £' C S* ^^.Sr,m- These 
two computations are immediate. □ 
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Some Examples of FDVA 



The FDVA ^L^^CZ), yi,.4(N), A-,3(+) and Ar,2{Vr), are given in figures EHJ 
16.21 and 16.31 Remark that a principal state q G Q is labelled by the set Xq 
(in fact a formula in FO (Z, N, +, Vr) defining Xq), and a dot-edge from q to 
[i^oK?) is drawn for each state q such that [-foK?) 7^ 0- 











T 


T 


Sr 


{0} 



Fig. 6.1. On the left, FDVA Ar,i{T}. On the right, FDVA Ar.i{n) 
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beSr,3; ie-Sr.a; 6e-E,.,3; 

i,[l]+i.l2]=i,I3] 6[l]+6[2]=6[3]+r i>[l]+(>[2] + l=6[3]+r 





Fig. 6.3. FDVA Ar,2{{x € Z^; Vr{x[l]) = x[2]}) 
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Reductions 



In this section, we prove that the problem of deciding if the set X represented 
by a FDVA A is Presburger-definable and in this case the problem of comput- 
ing a Presburger formula that defines X can be reduced in polynomial time 
to: 

• the cyclic case: there exists a loop on the initial state qq. In particular the 
set X represented by A is cyclic from proposition [13] 

• the positive case: the final function Fq is such that [FoK?) G {eo,m}}- 
In particular X C N™. 

7.1 Cyclic reduction 

Given a word a e ^^rm ^ X C Z™ is said (r, m, a)-cyclic (or just cyclic) 
if 7~^^(X) = X and a DVA A is said {r,m, a) -cyclic (or just cyclic) if 
(5(gO)Cr) = 9o- From proposition 14. 1[ we deduce that the set represented by a 
(r, m, cr)-cyclic DVA yi is (r, m, (T)-cyclic. Conversely, remark that if a set X is 
(r, TO, CT)-cyclic then the DVA Ar,m{X) is (r, to, cr)-cyclic. The notion of cyclic 
sets is useful in the sequel for reducing some problems to the special cyclic 
case since a cyclic Presburger-definable set can be defined by a Presburger 
formula of a very particular form (see lemma [7?2| . 

Remark 7.1. The first application of the cyclic reduction is the positive reduc- 
tion given in section [7.21 

Lemma 7.2. For any {r,m,a)-cyclic Presburger- definable set X, there ex- 
ists an integer n £ N\{0} relatively prime with r such that X can be de- 
fined by a formula equal to a boolean combination of formulas of the form 
{a, X — ^r.m(o')) < where a G Z™ and formulas of the form x £ b + n.'E"^ 
where b G Z™. 
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Proof. A quantification elimination shows that there exists an integer tiq G 
N\{0} and a finite set Do Q x Z sucli that X can be defined by a formula 
equal to a boolean combination of formulas of the from {a,x) < c where 
(a, c) e -Do and x G b + no-Z™ where b G Z™. Remark that there exists 
an integer A; e N enough larger such that n = g^j(„ ""la^irn) relatively 

k I 

prime with r and such that the rational number (3a,c = r~l'^ l™.((r — l).c — 
(a,Pr,m(o-,eo,m))) Satisfies |/3a,c| < 1 for any (a,c) G Z^q. As 7~^,c,fc(-'^) = X, 
we deduce that X can be defined by a formula equal to a boolean combination 
of formulas of the form (a, 7r,m.<j'= i^)) < c where (a, c) G Do and 7r,m.<T'= (2;) G 
6 + no.Z™ where b G Z™. Now remark that (a, Jr,m,(T>' i^)) < c is equivalent to 
(a, (r - l).x + pr,m{<y-, eo,m)) < Pa,c- Siucc (a, (r - l).x + pr,m{cr, eo,m)) G Z 
and |/3q.c| < 1, wc have proved that ^a, 7^ „^ g-fe (2;)) < c is equivalent to 
(a, X — ^r,m(c)) < if /3a, c < and it is equivalent to (—a, x — ^r,m(c)) < 
if (ia,c > 0. Finally, remark that 7r,m,tT(a;) G 6 + n^.Z™ is either false if 
6 ^ n.Z™ or equivalent to a formula of the form a; G 6' + n-Z™ where 6' G Z™ 
otherwise. □ 

Lemma 7.3. From an automaton A over Er that represents a finite language 
L C S*^, we can compute in polynomial time a Presburger formula (p that 
defines Pr,m{^, eo,m)- 

Proof. Let us consider a finite automaton A = {qo,Q, Er,6,QF) that recog- 
nizes L. We denote by Aq the automaton obtained from A by replacing the 

initial state go by an other state q G Q. Let us remark that L C Z"^'*^' since 
otherwise £ is infinite thanks to the pumping lemma. For any k G {0, . . . ,\Q\}, 
we can compute in polynomial time a finite automaton that recognizes ZOS^. 
Hence, without loss of generality, we can assume that there exists A; G N such 
that L C E!^. The cases fc = or £ = are left to the reader. Since L C E*^ 
and £ is not empty and included in E!^^, we deduce that m divides k. Let 
n = and remark that x G Pr.m{^^ ^o,m) if and only if there exists a sequence 
6i, &fc of integers in E^ such that Ajli = ^"=0^ bj+m.i-r^ and such that 
S{qo,bi . . .fefc) G Qf- Now remark that this last property can be translated 
into a Presburger formula in polynomial time. □ 

Proposition 7.4. Let X C Z™ be a set represented by a FDVA A in basis 

r and let Qc be the set of principal states reachable for [G] that have a loop. 
The set X is Presburger-definable if and only if Xq^ is Presburger- definable 
for any qc G Qc. Moreover, from a sequence of Presburger formulas {(l>qc)qceQc 
such that (j)q^ defines Xq^, we can compute in polynomial time a Presburger 

formula <p that defines X . 

Proof. Assume first that X is Presburger-definable. Recall that we have 
proved that Xq is Presburger-definable for any principal state q reachable 

for [G\. In particular Xq^, is Presburger-definable for any q,, G Qc- Next, 
assume that Xq^ is defined by a Presburger formula 4>q^ for any qc G Qc 
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and let us prove that we can compute in polynomial time a Presburger for- 
mula (/) that defines X. For any k G {0, . . . ,\Q\ — 1} and for any q E Q, 
we can compute in polynomial time an automaton Ak.,q over S,. that rec- 
ognizes -C/c^g — {(7 £ S^^j^', S{qo,a) = q}. From lemma [73] we can com- 
pute in polynomial time a Presburger formula 4'k,qa that defines the set 
^fe,9c — Pr,m('Cjfc,gc J ^o,m)- Let US prove that X is defined by the Presburger 
formula c^{x) := V,,eo. VE'o"'(3|/ 3z ((x = r^y + z) A (y) A0fc,,, (z))). Let 
X E X. There exists a (r, m)-decomposition (w, s) of x such that 

^ I m ^ ^ • I Q I • 

In this case, w can be decomposed in w = a.w' where a € -S'^Jj?' is such that 
there exists a loop on qc = S{qo-a) and w' € S*. From x — 'yr,m,cr{x') where 
x' — Pr,m{w\s) and X E X, we deduce that x' £ j^}^ ^(X) = Xq^. Let 
k — \a\m- From x = .x' + Pr,m{o',eQ^rn) G '''^ -Xq^ + Xk^q^ we deduce that 
0(a;) is true. For the converse, consider x G Z™ such that (^{x) is true. There 
exists (gc, fc) G Qc x {0, . . . , |Q| — 1}, x' e and a word a G L{Ak,q^) such 
that X = r'^ .x' + Pr,m{cr, eo.m)- Let us consider a (r, m)-decomposition {w' , s) 
of x'. As \a\m = k, we deduce that x' = jr,m,a{x)- As qo Qc, we have 
Xq^ = ^~^^^{X). Hence x £ ^r,m,a{7r,L,a{X)) ^ We have proved that 

X ex. a' 



7.2 Positive reduction 

The following proposition [73] and proposition 15.21 provide the positive reduc- 
tion since a set S satisfying the following proposition 17.51 is computable in 
quadratic time. 

Proposition 7.5. Let A be a FDVA that represents a set X C Z™. Let us 

consider a set S of {r,m)-sign vectors such that S fl {Fi){q)AFi){q')) ^ for 
any state q,q' £ Q such that FQ{q)AFQ{q') ^ 0. The set X is Preshurger- 
definahle if and only if the set N™ H fr.m,s{X) is Presburger- definable for any 
s £ S. Moreover from a sequence of Presburger formulas {(j)s)ses such that (ps 
defines Xs — W^r\fr.m,s{X), we can compute in polynomial time a Presburger 
formula (j) that defines X . 

Proof. Naturally, if X is Presburger-definable, then Xs = fl fr,m,s{X) is 
Presburger-definable for any s £ S. Let us prove the converse. Form proposi- 
tion [73] we can assume that there exists a loop on the initial state. Consider 
a sequence {4>s)s£S of Presburger formulas (j)s that defines Xg. Let us consider 
the function sign : Z™ — > Sr,m that associate to any vector x £ Z™ the unique 
(r, m)-sign vector s £ Sr,m such that there exists x £ Zr^m.s- 

Let us consider the following Presburger formula 9s{x, k) and remark that 
Oa{x,k) is true if and only if x -I- fc.^^^y^^ ^ ■Z'r,m,s H X. We denote by 
Ks^x the Presburger-definable set Ks^x = {fc £ Z; 9s{x,k)}. Since Ks^x is a 
Presburger definable set included in Z, there exists a unique minimal integer 
ns,x £ N\{0} such that there exists a finite set Bg^x {0, . . . , rig^x — 1} and 
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an integer ks,x G Z such that K^ ,^ n {ks ^ + N) = fc^.a; + Bs^x + "-s.k-I^- Let us 
prove that x is relatively prime with r. From lemma 17. 2[ we deduce that 
there exists an integer relatively prime with r such that Zr^m,s H X can 
be defined by a formula equal to a boolean combination of formulas of the 
form {a,x) < c and x £ 6 + ns.Z™. Now, just remark that n^^x divides Us- We 
deduce that Us^x is relatively prime with r. 

O.ix, k) 3, 0. o A A f , ;^|^! J " ^ if 11 t , 1 

'=1 < =^ = .tH + k. ' ) j 

Let us consider the Presburger formula Ws(x,n) :— n > 1 A 3fco Vfc > 
/co; 9s{x,k) <^=^ 9s{x,k + n). Remark that VFs(a;,n) is true if and only if 
n€ns,x.(N\{0}). 

Next, let us denote by Qs the set of principal states q £ Q such that 
s € [-FoK?)- Observe that we can compute in polynomial time the partition 
C of Q corresponding to the equivalence relation ^ defined by qi ~ q2 if and 
only if Fo[qi] — i^ofe]- Given C G 6, remark that [-FoK?) does not depend 
on q G C and we can denote by [Fq] (C) the unique subset of Sr,m such that 
[Fo](C) — [Fo]{q) for any q € C. From lemma \2A\ we deduce that for any 
C e C there exists a boolean formula TZc computable in polynomial time 
such that C is defined by TZc{[Fo]{q)s£s)- 

We are going to prove that X is defined by the following Presburger for- 
mula (j>{x): 

cj)ix) := Y (sign(x) £ [Fo]iC) AWN 3n > N nc{9s(.x,l + n) AWsix,n)),es) 
cee 

Let us consider x G Z™ such that (l){x) is satisfied and let us prove that 
x € X. There exists C G C such that sign(a;) G [Fo](C) and for any TV there 
exists n > N such that TZci9s{x,l + n))seS and Ws{x,n) are true. Let us 
consider N — kg^x — 1 and let n > iV be such that Tic{ds{x^ 1 + n))s£s and 
Ws{x,n) are true. Since Ws{x,n) is true, we deduce that n e ns^2..(N\{0}). 
Let us consider a (r, m)-decomposition (uq^sq) of xq such that rl*^"!™ > kg^x 
for any s £ S. Since Ug^x is relatively prime with r, by replacing ctq by a word 
in (To.Sq, we can assume that r''^"''" G 1 + n^^j^.Z. Since 1 + n and r^'^olm g^j-g 
both greater than ks,x and the difference of these two integers (l+n) — (r'"'''!'") 
is in ris,K-Z, we deduce that ^3(2;, l + is equivalent to 0s(a;, T-kol™-) Therefore 
72.c(^s(a;, 1 + ?^))sgS is true. Remark that 9s{x,r^'^°^"^) is true if and only if 
X + j.Wo\,^ j^ £ ^r,m,s n X. Remark that x + rl'^ol™.^^ = Pr,m(o-o,s). 

Therefore 9s{x,r^'^°^"^) is equivalent to s G [Fo]{q) where q = 6{qo,(To)- We 
deduce that TZc{s G [Fo](g))sgs is true. Hence q £ C and from sq G [i^o](C) 
we get So G [Fo](q). We have proved that x £ X. 

Now, let us consider x G X and let us prove that (p^x) is true. Since 
Q is finite and IlseS ^^i^ relatively prime with r, there exists a (r, m)- 
decomposition (cto, sq) of 2: and an integer do G N\{0} such that q = S{qQ, ctq) 
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satisfies i5((j, Sq") = q and such that rl'^"!™ and r"^" are in 1 + rig^^.Z. Since 
C is a partition of Q, there exists C G C such that q G C. Let us consider 
N G Z. There exists fc G N such that the integer n = r^'^olrr.+k.dg _ i jg 
greater than or equal to A'' and 1. Remark that n G ns^2:.(K(\{0}). Therefore 
Ws{x,n) is true. Moreover, as a; G X vi^e deduce that sq G [-Fo](9) and hence 
sign(x) G [i^o](C). Moreover, as g G C we get TZc{s G [i^o](9))s6S is true. 
Remark that s G [i^oK?) if and only if Pr,m(o"o-So'*\ ■s) G Zr,m,s n X if and 
only if a; + r^'^olrr^+k.do g Zr,m,s n X if and only if O^ix, 1 + n) is true. 

Therefore ^(x) is true. □ 
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Linear Sets 



8.1 Vector spaces 
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Fig. 8.1. The vector space V = Q.(2, 1) 



A vector space V of Q™ is a non empty subset of such that X.V CV 
for any A S Q and such that V + V C V. As any finite or infinite intersection 
of vector spaces of Q™ remains a vector space and wc deduce that any set 
X C Q™ is included into a unique minimal (for C) vector space denoted by 
vec(X) and called the vector hull of X or the vector space generated by X. A 
basis of a vector space V is a sequence vi, ... of vectors in V such that for 
any x GV there exists a unique sequence Ai, A^ of rational numbers such 
that X = J2i=i^i-'^i- Recall that any vector space has a basis and the number 
of elements of a basis only depends on V and it is called the dimension of V, 
and it is denoted by dim(F) € {0, ... , m}. 



36 8 Linear Sets 



There exists unduly complicated basis of vector spaces. For instance con- 
sider the vector space V — Q"^ and for each n G N let w", be the basis of 

V given by u" = (2.n + 1, n) and V2 = (2, 1). That means complex basis of 
simple vector spaces (for instance Q^) can be computed if vector spaces are 
symbolically manipulated by basis. In order to overcome this problem, we are 
going to associate to any vector space a canonical basis. 

A set of indices 7 C {1, . . . , m} is said full rank for a vector space V if for 
any x G there exists a unique v gV such that v[i] = x[i] for any i G I. 

Proposition 8.1. Any vector space has a full rank set of indices. 

Proof. Let us consider subset / C {!,..., m} maximal for the inclusion 

amongst the subset J C {!,..., to} satisfying for any x £ Q"' , there ex- 
ists a unique v G V such that v[j] = x[j] for any j S J. Remark that such 
a set I exists since J = % satisfies the condition. Let us consider two vectors 
wi , 1^2 G V siich that vi [i\ = V2 [i] for any i G I and let w = vi — V2- Assume 
by contradiction that w ^ eo,m- There exists jo S {!,..., to}\/ such that 
^bo] 7^ 0. Let J = lU {jo} and let us prove that for any x G Q-^ there exists 

V G V such that v[j] = x[j] for any j G J. By definition of /, there exists 
Vq G V such that Vo[i] — x[i] for any i G I. Let v = Vq + ^^^^^j^^^^-w and 
remark that v[i] = x[i\ for any i G I since w[i] = and v[jo] = 0. Therefore 
/ is not maximal and we got a contradiction. Thus w = eo.m and wc have 
proved that for any x G , there exists a unique v GV such that v[i] = x[i] 
for any i G I. □ 

A vector I -representation of a vector space V where / is a full rank set 
of indices for F is a sequence {vi)i^i of vectors in V satisfying Vi[i] = 1 and 
I'ib] = fo'" j G -^\{*}- Observe that such a sequence {vi)i^i is a basis 
of V and given a full rank set /, there exists a unique vector /-representation 
of V. The integer size(V) G N of a vector space V is defined by size(y) = 
max7(^jgj sizc(wi)) where is the unique vector /-representation of V. 

The following proposition provides a simple way for computing incremen- 
tally a vector /-representation of a vector space V. 

Proposition 8.2. Let I be a full rank set of indices for a vector space V, 

let {vi)i^i be the vector I -representation of V and, let V' be the vector space 

V = V -\- Q.x where x is any vector in Q™. The vector spaces V and V' 
are equal if and only if the vectors y = x — ^'^'^ ^o,m are equal. 
Moreover, ifV is not equal to V then given jo such that ?y[io] 7^ 0, the set of 
indices J = I U {jo} is full rank for V and the vector J -representation of V 
is the following sequence {v'j)j^j: 
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Proof. Assume first that y — ^ and let us prove that V — V' . Since 
y — eo „i, we get x = X]iG/^W-"» ^ ^ ^^'-^ deduce V — V'. Otherwise, 
ii V = V we deduce that y & V. Since {vi)i^i is a basis of V, there exists 
a sequence (Xi)i^i of rational numbers such that y = ■^i-'^i- From this 

last equality, we get y[i] = Xi and from y = x — J^iei we get y[i] = 

x[i] — x[i] = 0. Thus Xt for any i and we have proved that y = eo,m- We have 
proved that the vector spaces V and V are equal if and only if the vectors 
y — X — X^ie/ a;[i].'i;i and eo,m are equal. 

Now, assume that V is not equal to V and observe that J is a set of 
indices full rank for V and the sequence {Vj)j^j is a vector /-representation 
of v. □ 

Our representation is motivated by the following corollary. 

Corollary 8.3. The size of a vector space V is at most polynomially larger 
than the size of any finite subset Vq C Q™ that generates V . 

Proof. Assume fixed a full row set of indices / of V. Let us consider a finite set 
Vq of vectors that generates V. It is sufficient to show that we can compute in 
polynomial time a sequence {vi)i^i from Vq. By applying the polynomial time 
algorithm given in proposition 18.21 and adding one by one the vector vq in V 
and by selecting j/o in /, we deduce that the sequence {vi)i^i is computable 
in polynomial time. □ 

8.2 AfRne spaces 
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Fig. 8.2. On the left an affine space A = (0, 1) +Q.(2, 1). On the right its direction. 
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An affine space A of Q™ is either the empty-set, or a set of the form 
A = uq + V where ap £ Q™ and F is a vector space of Q™. This vector space 
V is unique, denoted by A and called the direction of A (see figure [5^ . If 
A = 0, we denote by A = the direction of A. A non-empty affine space A 
is called a F-afRne space if A is equal to a vector space V. 

An affine I -representation of a T^-affine space A where / is a full rank 
set of indices of is a couple (a, {vi)i^i) where a is a vector in A such that 
a[i] = for any i e / and {vi)i(zi is the /-vector representation of V. Observe 
that such a couple is unique. The integer size(v4) € N of a non-empty affine 
space A is defined by size(A) = max/(size(a)) -I- size(y) where (a, (wi)ig/) 
is the unique /-affine representation of A. The integer size(0) is defined by 
size(0) = 0. Notice that size(A) = size(y) if the affine space A is a vector 
space A = V since in this case a — eo,m. 

The direction of affine spaces, has an interesting application intensively 
used in the sequel and given by the following lemma. 

Lemma 8.4 (Comparable affine lemma). Two comparable (for C) affine 
spaces that have the same direction are equal. 

Proof. Consider two affine spaces Ai and A2 such that Ai C A2 and such 
that Ai = A2. Naturally, if Ai = 0, as Ai = A2 we deduce that A2 = % and 
we are done. Assume that Ai 7^ 0. Consider ai e Ai. As ai E Ai C j42, we 
deduce that A2 — ai + A2. From Ai = A2, we get A2 = ai + Ai = Ai. □ 

Recall that any finite or infinite intersection of affine spaces of Q'" remains 
an affine space, and we deduce that any set X C Q™ is included into a unique 
minimal (for C) afhne space denoted by aff(A") and called the affine hull of X 
or the affine space generated by X. The direction of aff(Ar) is denoted by 

aff(X) = affix). 

Finally, recall that the orthogonal X^ of a subset X C Q'" is the vector 
space X^ ^ {y e Q"; Vx e X {y,x) = 0}. Recall that (X^)^ = vec{X). In 
particular, X = V is a vector space if and only if (V-^)^ ~ V. The orthogonal 
projection over a non-empty affine space A is the unique function Ua ■ Q™ — > 
A such that //^(x) - x e (vl)^ for any a; G Q" (see figure [O]). Recall that 
Ua is an affine function that satisfies //a (2:) = (1 — ^[*])-'^'4(^o,t?x) + 

x[i].nAiei^rn)- 

8.3 Vector lattices 

An additive group M of is a non-empty finite subset of such that 
— M C M and M -\- M C M . As any finite or infinite intersection of additive 
groups remains an additive group and Q™ is a group, any set X C (Q™ is 
included into a minimal (for C) additive group, denoted by group(Ar) and 
called the group generated by X. An additive group AI such that there exists 
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Fig. 8.3. Orthogonal projection nA{x) = of a; = (3,-2) over A = (0,1) + 

Q.(2,l). 

a finite set X satisfying M — group(X) is called a vector lattice. Lattices are 
characterized by introducing discrete sets. A set Z C Q™ is said discrete if 
for any x G M, there exists a rational number e > such that — > e 
for any y G M\{x}. 

Proposition 8.5 (; [Tau92] ). A group is discrete if and only if it is a vector 
lattice. 

Proof. Assume first that M is a discrete group and let us prove that M is a 
vector lattice. Since eo,m G M, there exists e > such that \\x\\^ > e for any 
X £ M. Let V be the vector space generated by M and let i^i, be a basis 

of V formed by vectors in M. Let us denote by _B = {X^iLi -^W-'^^i; ^ -^W ^ 
1}. The rational k = X^iLi 1 1''^* I loo satisfies \ \b\\^ < k for any b E B. Assume by 
contradiction that MnB contains more than (2j^-jn gigj-^cnts. Hence, there 
exists xi,X2 G M C\ B such that xi ^ X2 and such that ||a;i — X2\\^ < e. By 
definition of e we deduce that X1—X2 = eo,m and we get a contradiction. Thus 
MCiB is finite. For any x G M, there exists A G Q'' such that x = X^iLi A[i].'i;i. 
Let us consider a vector z G Z'' such that < A[«] — z[i] < 1 and remark that 
x-J2t=i G MnB. ThusM = group({'yi, . . . ,Wd}U(MnS)) and we have 

proved that there exists a finite set X of vectors such that M = group(X). 
For the converse, assume that M is a vector lattice and let us prove that M 
is discrete. There exists a finite set X of vectors such that M = group(X). 
Let us consider an integer d G N\{0} such that d.X C and let us remark 
that for any x,y G M such that x ^ y, we have ||a; — y||g^ > ^. Thus M is 
discrete. □ 

Thanks to this characterization, we deduce that any group included in a vector 
lattice is a vector lattice since any set included in a discrete set remains 
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discrete. Given a vector space V, a vector lattice M such that V = vec(M) is 
called a T^- vector lattice. The previous proposition also proves that Z™ n F is 
a T^-vector lattice since it is a discrete group such that vec(Z™ DV) ^ V. 

8.3.1 Hermite representation 

We are going to provide a canonical (up to a full rank set of indices / for V) 
representation of any ^-vector lattice. 

An Hermite matrix B of order c? is a lower triangular (we have B[i,j] = 
for any j > i), non-negative square matrix B £ M.d,d{Q+), in which each 
row has a unique maximal entry which is located on the main diagonal of B. 
Given a full row set of indices / = {ii < • • ■ < id} of a vector space V, an 
Hermite I -representation B oi a V^-vector lattice M is an Hermite matrix B 
of order d such that we have the following equality where {viji^j is the vector 
/-representation of V: 

d 

M = gro\yp{^B[k,i].v,^; j G {l,...,d}} 

k=l 

The integer size(M) G N of a V^-vector lattice M is defined by size(Af) — 
max/(size(i3)) -f- size(y). 

The following theorem shows that the Hermite /-representation provides 
a canonical representation that is polynomially bounded by the size of any 
finite set X such that M = group(X). 

Theorem 8.6 (Theorem 4.1, 4.2 and 5.3 of |Sch87| ). Given a full rank 
set of indices I of a vector space V , any V -vector lattice M owns a unique 
Hermite I -representation. Moreover, this representation is computable in poly- 
nomial time from any finite set of vectors that generates M . 

This theorem also proves that for any vector lattice, there exists a basis vi, 
Vd of such that M = J2'j=i ^-^j i^*^^ instance take Vj = J2k=i ^[^j Jl-^it)- 

Such a sequence vi, Vd is called a "L-basis of M. 

The following proposition will be useful in the sequel. 

Proposition 8.7 (Corollary 5.3b and 5.3c of |Sch87] ). From an I- 
representation of a vector space V , we can compute in polynomial time the 
Hermite I -representation of the V -vector lattice Z™ n V . 

8.3.2 Stability by intersection 

Naturally, any intersection of vector lattices remains a vector lattice. The 
following lemma 18.81 shows that the class of vector lattice is stable by fi- 
nite intersection (remark 18.91 shows that this class is not stable by infinite 
intersection) . 
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Lemma 8.8. The class of V -vector lattices is stable by finite intersection. 
Moreover, given a finite sequence Mi, M„ of V-vector lattices, we can 
compute in polynomial time the V-vector lattice 0^=1 ^'^j- 

Proof. Let / be a full rank set of indices. Recall that from an Hermite I- 
representation of Mj, we get a Z-basis Vij, Vdj of Mj. Now, remark that 
X € M where M — HjLi ^'^j if o^^ly if there exists zi, Zn in Z"* such 
that X = X^iLi 3 £ {li • • ■ ' '^l- Lst us consider the vector space 

W = {(a;,zi,...,z„) e Q" X X •••Q''; 0^=1 = Eti^j-^^^j}- From 
proposition 18.71 we deduce in polynomial time a Z-basis of Z™ n of the 
form (a;i, zi^i, . . . , zi_„), {xd, Zd.i, ■■ Zd,n)- Let us remark that r\j=i Mj is 
the F- vector lattice generated by xi, Xd- We deduce the /-representation 
of M in polynomial time. □ 

Remark 8.9. The class of vector lattices is not stable by infinite intersection. 
In fact, let M„ be the V"-vector lattice M„ = (n -I- 1).Z" where V = Q™, and 
just remark that HnGN-^" ~ {Go,m} is naturally a group as any intersection 
of groups, but it is not a F- vector lattice if m > 1. 

8.3.3 Sub-lattice 

The quotient M'/M of two vector lattices M C M' is defined by M /M' = 
{m' -\- M; m' G M}. The following theorem 18 . 101 proves that this set is finite. 

Theorem 8.10 ( |Tau92| ) . Given two vector lattices M C M' , there exists a 
unique sequence ni, Ud of integers in N\{0} such that Ui divides rii^i for 
any i and such that there exists a 1,-basis vi, Vd of M' satisfying ni.vi, 
Ud.Vd is a Z-basis of M . Moreover such a sequence {nd,Vd) is 

computable in polynomial time. 

The unique sequence rii, Ud is called the characteristic sequence of M in 
M'. 

The following lemma will be useful in the sequel. 

Lemma 8.11 ( |Tau92] ). Given three V-vector lattices M C M' C M" , we 
have the following equality: 

\M" /M'\.\M' /M\ = \M"IM\ 

8.3.4 Vector lattices included in Z™ 

In the sequel we denote by h^. : N\{0} N\{0} the function defined by 
hr{n) — j"„ ^) ; and we denote by 9,^ is the function 0^ € {!,... ,m} —>■ 
{1, . . . , m} defined by 9m{i) G (i — 1 -I- m.Z) n {1, . . . , m}. 
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Inverse image by '^r,m,o 

Theorem 18.101 proves that any vector lattice M included in Z™ is a set of 
the form M — Ylt^i ni.Z.Vi where vi, Vd is a Z-basis of Z™ flF and ni, 
rid are integers in N\{0}. Thus, the following lemma [8. 121 shows that the class 
of y- vector lattices included in Z™ is stable by inverse image by 7r.m,eo 

Lemma 8.12. Given a Z-basis Vi, Vd ofZ^nV where V is a vector space 
and a sequence ni, rid of integers in N\{0}, we have: 

d d 

%^,eo.„A'^^^■'^■V^) ^ hr{n,) .Z.Vi 

1=1 i=l 

Proof. Let x £ Jrm eo m (^i=i ri'i-'^-Vi)- There exists zi, in Z such that 

r.x = X]f=i ni.Zi.Vi. In particular x £ Z™ n V and there exists ti, td in Z 
such that X = X^^Li ti-Vi- As vi, Vd is a Z-basis, we get r.ti — Ui.Zi for any i. 
Therefore ri.ti = hr{ni).Zi where = o-cd(ra- r) • ^^'-^ hr{ni) are relatively 
prime, there exists Ui, u[ in Z such that Ui.ri + u[.hr{ni) = 1. From Ui.ri.ti — 
hr{ni).Ui.Zi, we get ti = hr(ni).{ui.Zi + u[.ti). Therefore, x G Ylt=i hr{ni).Z.Vi 
and we have proved the inclusion "yr.m,eo ,„(X]iLi ni-Z.Vi) C X^^Li hr{ni).'Z.Vi. 
Let us prove the other inclusion. Consider x e X]f=i hr{ni).Z.Vi. There 
exists a sequence zi, z^ in Z such that x — '^'^^^hr{ni).Zi.Vi. Hence 
i^) = YJi=i'r-hr{ni)-Zi.Vi. As rii divides r.hr{ni), we deduce that 

lr,m,eo,^{x) £ X^iLi '^i ■^•''^i • Therefore x G 7^m,eo,„ (Z]f=i "i-^-'^i) and we 
have proved the other inclusion. □ 

The stability of vector lattices by inverse image by 7r,m,o is provided by 
the following proposition 18. 131 

Proposition 8.13. The set ~ Irm oi-^^) " Vz-vector lattice included 
in Z™ for any V-vector lattice M included in Z™ where Vz is the vector 
space Vz = r~^Q{V) and for any z e N. Moreover, from an Hermite I- 
representation of M, we can compute in polynomial time the Hermite Iz- 
representation of Mz where Iz = 0^ i-^) ■ 

Proof. Recall that form the /-representation of M, we immediately deduce a 
Z-basis wi, Vd of M. Let us remark that 7"^ oiM) is the set of vectors x £ 
Z"^ such that there exists a vector /c G Z'' satisfying P^.m^ix) — J2i=i k[i]-Vi- 
Let us consider the vector space W = {{k,x) e x Q™; Prm.oi^) = 
X]f=i ^W-'^^i}- Remark that W is a vector space and J = {l,...,d} is a 
full rank set of indices of W. From proposition 18.71 we deduce that we can 
compute in polynomial time the J-representation of W. That means we can 
compute in polynomial time a Z-basis of Z™ n W denoted by {ki,xi), 
Wd = {kd,Xd) where ki G Z'' and Xi G Z™. Now, just remark that 7"^ o(-^^) 
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is a the l^-vector lattice generated by the vectors Xi, Xd- Therefore, 
the /^-representation of o(-^^) computable in polynomial time for any 
z e {0, . . . , TO — 1}. Observe that in general, an integer z G N can be decom- 
posed into z — z' + m.k where fc e N and z' e {0, . . . , to — 1}. Observe that 
Irm eo „i (-^^) "^^^ computcd in polynomial time thanks to lemma [8. 121 □ 

Relatively prime properties 

A ^-vector lattice M included in Z™ is said relatively prime with a basis of 
decomposition r if the integer |Z™ n V/AI\ is relatively prime with r. 

Thanks to lemma I8.11[ we deduce that the class of F- vector lattices in- 
cluded in and relatively prime with r is stable by finite intersection. In fact 
given two relatively prime 1/- vector lattices Mi and M2 included in Z™ , from 
MinM2 C n.Z^nF C Z™nT^ where n = IZ^nV^/MiMZ^^nV/Maj, we deduce 

that |z™nF/MinM2|.|MinAf2/n.z™nyi = [z^ny/n.z^nFI =n'i™(^). 

In particular jZ™ n V/Mi D divides an integer relatively prime with r. 
That means it is relatively prime with r. 

We are going to show that the vector lattices included in Z™ and rel- 
ativelly prime with r naturally appear when computing inverse images of a 
y-vector lattice by 7r,m,o- 

As hr{n) < n for any integer n e N\{0} we deduce that (/i^(n))fegN is a 
non increasing sequence ultimely stationary: there exists fc„ £ N such that 
h^{n) = h^"{n) for any k > kn. We denote by h'^{n) this limit. Remark that 
h^{n) is relatively prime with r and h^{n) = n if and only if n is relatively 
prime with r. The previous lemma HHH shows that (7,r^,eo „ (-^))fcGN is a 
non decreasing sequence of vector lattices ultimately stationary. The limit 
is denoted by Jr,m,eo „ (-^^) ^^'^ naturally satisfies the following equality: 

fceN 

From the previous lemma [5. 121 we deduce that "Yrmeo „ (-^) relatively prime 
with r and if M is relatively prime with r then j^meo „ (-^) ~ ■ partic- 
ular the class of P^- vector lattices relatively prime with r is stable by inverse 
image by 

Let us remark that the elements in 'Jrmeo „ (^^) geometrically char- 
acterized by the following lemma [8. 141 

Lemma 8.14. Given a vector lattice M included in Z'" and a vector x G Z™, 
we have x £ Irmeo m (-^^) '^^'^ '^^^y there exists fc £ N such that r^ .x £ M . 

Proof. Let V — vec(M). There exists a Z-basis of M of the form ni.ui, 
'nd-Vd where rii, Ud are integers in N\{0} and wi, Vd is a Z-basis of 
Z™ n V. From lemma Wn\ we deduce that /ijf (ni).wi, hf{nd)-Vd is a Z- 
basis of 77m eo Remark that there exists an integer fcg £ N such that 

r^°h'^{ni) divides ui for any i £ {1, . . . , c?}. 
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First, let us first prove that there exists k E N satisfying r'^.x G M for 
any x e Irmeo There exists z e Z"^ such that x — X^iLi h^{ni).z[i].Vi. 

In particular r'^^.a; = '^'^^■^r'^" .h^{ni).zli].Vi £ M and we have proved that 
there exists an integer fc G N such that r^.x G M. 

Next, let us show that x e Irmeo ™(-^^) ^^r any x G such that there 
exists A: G N satisfying r'^.x G M. As r'^.a; G M, we deduce that a; G Z™ n 
y. Hence, there exists z G Z'' such that x — Y^'l^iz[i].Vi. Hence .x = 
^^^-^ z[«]r'^.z[i].Wi. Moreover, as .x G M, there exists t E such that 
r'^.x = ^^^j^ rii.ffiJ.Wi. As wi, is a Z-base, we get r^-'-zfi] = ni.i[i]. 

As h^(jii) divides n^, we deduce that = ^^J^^^^^ is N. Hence .z\ii\ = 
/ijf (ni).n-.t[i]. As h^{ni) is relatively prime with r, then h^{ni) is relatively 
prime with r*^, and we deduce that r'"' divides n-.t[i]. Hence z[i] G h'^{ni).'L. 
We deduce that a; G 7;r;^^eo ^ 

8.4 AfRne lattices 

An affine lattice P is a subset of Q™ of the form P = a + M where a G Q™ 
and M is a lattice. A V-affine lattice P is an affine lattice P of the form 
P = a + M where M is a 1^- vector lattice. 

Given a F-affine space A, observe that Z™ n A is either empty or a V- 
afhne lattice of the form a + (Z™ n V) where a is any vector in Z™ n A. The 
following proposition will be useful for computing a vector in Z™ n A when 
such a vector exists. 

Proposition 8.15 (Corollary 5.3b and 5.3c of [Sch87j). Given an affine 
space A, we can decide in polynomial time if Z™ HA is non empty and in this 
case, we can compute in polynomial time a vector a in this set. 

Corollary 8.16. Given two affine lattices Pi = bi + Mi and P2 = &2 + M2 

where bi, 62 are two vectors in Q*^ and Mi, M2 are two vectors lattices, we 
can decide in polynomial time if (&i + Mi) n (62 + M2) ^ 0. Moreover, in this 
case we can compute in polynomial time a vector a in this set. Observe that 
we have Pi n P2 = a + (Mi n M2) . 

Proof. From the vector /i-representation of Mi, we deduce in linear time a 
Z-basis ^1,1, vi^di of Mi, and from the vector /2-representation of M2, we 
get in linear time a Z-basis W2,i, ^2.^2 of M2. Observe that (61 + Mi) n 
(62 + M2) ^ if and only if Z™ n A is non empty where A is the affine space 

A = {{xi,X2) e Q-^^ X Q-i^; bi + Y.ti Xl[i].Vl,^ = 62 + Eti X2[i\.V2A- Note 
that proposition 18.151 provides a polynomial time algorithm for deciding if 
Z"* n A is non-empty and in this case it provides in polynomial time a vector 
(xi,a;2) G Z™ n A. Note that a = bi+ Y^'lfiXi[i].vi^i is a vector in Pi n P2. 
□ 
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Fig. 9.1. On the left a semi-affine space S. On the right its direction. 



A semi-affine space (resp. a semi-vector space) S of Q™ is a finite union of 
affine spaces (resp. vector spaces) of Q™ (see figure I^TTj) . Given a vector space 
V , a finite union of V^-affine spaces is called a semi-V -affne space. In this 
section we show that a semi-affine space can be canonically decomposed into 
maximal affine spaces, called affine components. Moreover, by proving that 
any finite or infinite intersection of semi-affine spaces remains a semi-affine 
space, we define the notion of semi-affine hull. 
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9.1.1 Affine components 

Definition 9.1. An affine component A of a semi-ajfine space S is a maximal 
(for C) affine space included in S. The set of affine components is denoted by 
conip(S'). 

We are going to prove that comp(5') provides a canonical representation of S. 
We first prove the following lemma, intensively used in the sequel. 

Lemma 9.2 (Insecable lemma). Let C be a non-empty finite class of affine 
spaces and Aq be an affine space such that Aq C IJ^gg A. There exists A G C 
such that Aq C A. 

Proof. Let us consider an affine space ^^nd let us prove by induction over 
n € N\{0} that for any finite class C of affine spaces such that |C| = n 
and Aq C IJ^gg A, there exists A € C such that Q A. Naturally the 
case n = 1 is immediate. Assume that the induction hypothesis is true for 
an integer n £ N\{0} and let us consider a finite class C of affine spaces 
such that |C| = n + 1 and Aq C IJ^gg A. Let us consider A' € C. The case 
^0 ^ A' is also immediate so we can assume that 2 A' . Let us consider 
e' = e\{yl'}. As ^0 % A', there exists qq G ^o\^'- Let ai G and remark 
that at — uq + t.{ai — oq) € Aq for any i G Q because Aq is an affine space. 
From Aq C IJ^^g A, we deduce that for any t E Q, there exists A E G such 
that at E A. As Q is infinite whereas C is finite, there exists A E C and at 
least two different t E Q satisfying at E A. As A is an affine space, we deduce 
that at E A for every t E Q. From oq E A and oq ^ A' , we deduce that A E G' . 
We get ai E Uasc i^SiYe proved that Aq C IJ^gg, A. From |e'| = n, 

we deduce that there exists A" E C such that Aq C A". We have proved the 
induction hypothesis for 6. □ 

Proposition 9.3. The set comp(S') of a semi-affine space S is finite and S is 
equal to the finite union of its affine components S = Uyiecomp(S) Moreover, 
from any finite class C of affine spaces such that S = Uagc ™^ "^^"^ compute 
in polynomial time comp(S'). 

Proof. Let us consider a semi-affine space S = IJ^ggA where 6 is a finite 
class of affine spaces. 

Consider the class C of non-empty affine spaces in C maximal for C. Let 
us first prove that S — Uyi'ee' ^' ■ Naturally, from C C C, we deduce that 
IJ^/gg/ A' C S. For any A E G, either A = and in this case A C IJ^/gg, A', 
or A 7^ 0, and in this case there exists A' E G' such that A E A' . Hence 
A C Ua'sc Therefore, S = Ua'sc 

By replacing C by C, we can assume without loss of generality that C is 
a finite class of non-empty affine spaces such that Ai C A2 implies Ai — A2 
for any Ai, A2 in C. 

Let us now prove that comp(S') = C. Let Aq E G and consider an affine 
space A' such that Aq C A' C S. Insecable lemma proves that A' C S = 
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Uagc ^ implies that there exists A G 6 such that A' C A. From Aq C A and 
A, Aq in C, we get Aq = A. We deduce that Aq = A' . Hence is a maximal 
(for C) non-empty affine space such that Aq C S. That means Aq e comp(S') 
and we have proved that C C comp(S'). Let us prove the converse inclusion. 
Let ^0 G comp(S'). As C S" = (J^^gA, insecable lemma Wl2\ shows that 
there exists A £ C such that Aq C A. From Aq C A C S, we deduce by 
maximality of Aq that Aq = A. Hence £ C and we have proved that 
comp(S') C e. □ 

9.1.2 Size 

The set of affine components provides a natural way for canonically repre- 
senting semi-affine spaces as finite set of affine spaces. The integer size(S') £ N 
where S" is a semi-affine space is naturally defined by size(S') = X]Aecomp(S) size(A). 

9.1.3 Direction 

Definition 9.4. The direction S of a semi-affine space S is defined by S = 

UAecomp(S) ^ ■ 

Remark that the semi-affine space direction definition extends the affine 
space direction definition because if S* = ^ is a non-empty affine space then 
comp(S') = {A}, and if 5 = then comp(S') — 0. Remark also that insecable 
lemma [9?2] shows that for any class C of affine spaces such that S = Uagc 
we have S = UagB ^ even if C is not equal to comp(5). That shows in par- 
ticular that a semi-affine space 5 is a semi- vector space if and only if S' = S'. 

Example 9.5. Let us consider the semi-affine space S = Ai U A2 U A^U A4 
where Ai = Q.(2,l), A^ = (0, 1) + Q.(2, l),_yl3 = (-1, 0) + Q.(3, -4) and 
A4 ^ {(-3, -3)} given in figureO We have 'S ^ ViLiVs where Vi = Q.(2, 1) 
and V3 = Q.(3,— 4). Remark that S owns 4 affine components comp(5') = 
{Ai, A2, As, A4} and S owns only 2 affine components comp(5) = {VijVs}. 

9.1.4 Semi-affine hull 

Following proposition l9 . GI proves that any finite or infinite intersection of semi- 
affine spaces remains a semi-affine space. In particular for any subset X C Q™, 
there exists a minimal (for C) semi-affine space written saff(X) that contains 
X. This semi-affine space is called the semi-affine hull of X. The semi-vector 
space saff(X) is written saS{X). 

Proposition 9.6. Any finite or infinite intersection of semi-affine spaces re- 
mains a semi-affine space. 
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Proof. Observe that a semi-afSne space is a finite union of affine spaces that 
can be represented by a finite set of vectors in Q™. Hence the class of semi- 
affine spaces is countable. In order to prove the lemma, it is therefore sufficient 
to prove that HneN is a semi-affine space for any sequence (S'n)nGN of semi- 
affine spaces. As the class of semi-affine spaces is stable by finite intersection, 
we can also assume that (S'n)neN is non-increasing. Let us prove by induction 
over the dimension k G NU{ — 1} that any non- increasing sequence of semi- 
affine spaces {Sn)ni£N such that dim(aff(S'o)) < fc, is ultimately stationary. 
Case fc = — 1 is immediate because in this case S'„ = for any n G N. Now, 
assume the induction true for k > —1 and let us consider a non- increasing 
sequence of semi-affine spaces (S'„)„gN such that the dimension of aff(S'o) is 
equal to k+1. Remark that if Sn is an affine space for any n > 0, then (S'„)„>o 
is a non-increasing sequence of affine spaces. In particular, this sequence is 
ultimately constant. So, we can assume that there exists an integer no > 
such that Sno is not an affine space. There exists a finite class C of affine 
spaces such that Sng = IJasc^- A £ C. From A C Sno ^ 'S'o C aff(S'o), 
we deduce that the dimension of A is less than or equal to fc + 1. Moreover, if it 
is equal to fc + 1, from A C aff(S'o), we deduce A — aff(S'o) and we get Sno = ^ 
is an affine space which is a contradiction. As the sequence {Sn H A)n>Q is 
a non-increasing sequence of semi-affine spaces such that the dimension of 
aff(5'„ n A) C A is less than or equal to fc, the induction hypothesis proves 
that there exists ua > such that Sn A = SnA ri A for any n > ua ■ Let us 
consider TV — maxyige(no, "-a)- For any n> N, 

and Snn A ^ Sn r\ A. Hence Sn = Sn n (UAee ^) = UAeei^n n A) ^ 
lJ^gg(S'Ar Ci A) ^ Sn n (Uyiee ^) ~ ^'^^ > A^ and we have proved 

the induction. □ 

Example 9.7. The semi-affine hull of a finite subset X C Q™ is equal to X 
because X is the finite union over x € X oi the affine spaces {x}. The semi- 
affine hull of an infinite subset ACQ (remark that to = 1) is equal to Q. In 
fact, the class of affine spaces of Q is equal to {Q, 0} U {{x}; x S Q}. 

Remark 9.8. As aff(A) is an affine space and in particular a semi-affine space 
that contains A, we deduce that saff(A) C aff(A). This last inclusion can be 
strict as shown by the example A = {eg.m, • ■ • T^m,7yi\- In fact, in this case, 
we have saff(A) = A and aff (A) = Q™. 

The following lemma will be useful to compute the semi-affine hull of some 
subsets of Q™ (see example I9.10p . 

Lemma 9.9 (Covering lemma). 

• For any affine function f : Q™ —> Q™ and for any subset X C we 
have saff(/(A)) = /(saff(A)). 

• For any subsets A, A' C Q™, we have 
- saff(A X A') = saff(X) x saff (A'), 
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- saS{X U X') = saff(X) U saff(X'), and 

- saS{X + X')= saff(X) + saff(X') . 

Proof. Let us consider an affine function /. From X C sa.S{X), we de- 
duce f{X) C /(saff(X)). As /(saff(X)) is a semi-afBne space that con- 
tains f{X) (observe that f{A) is an affine space for any affine space A 
and for any affine function /), by minimality of the semi-affine huh, we 
deduce saff(/(X)) C /(saff(X)). Let us prove the converse inclusion. As 
f{X) C safr(/(X)), we have X C /-i(safr(/(X))). As /-i(saff(/(X))) is 
a semi-afEne space (observe that f^^{A) is an afhne space for any afhne space 
A and for any affine function /), by minimality of the semi-afhne hull, we 
get saff(X) C /-i(safr(/(X))). Hence /(saff(X)) C /(/-i(saff(/(X)))). Re- 
call that for any function g : A ^ B, and for any subset F C B, we have 
aig-HY)) = giA)nY. Hence /(/-i(safr(/(X)))) = /(Q™) n safr(/(X)). 
From f{X) C /(Q™), we also deduce saff(/(X)) C /(Q™) and we get 
/(Q™) nsaff(/(X)) = saff(/(X)). Therefore f{saS{X)) C safr(/(X)). 

Let us consider X, X' C Q™ and let us prove that saff(XUX') = saff(X)U 
safl[(X'). From X U X' C saff(X) U saff (X'), we deduce by minimahty of 
the semi-aflnne hull saff(X U X') C safr(X) U saff(X'). Moreover, from X C 
XUX' C aaS{X U X'), we get safr(X) C saff(X U X') and symmetrically 
safr(X') C saff(X U X'). We have shown saff(A:) U saS{X') C safr(A: U X'). 

Let us consider X, X' C Q™ and let us prove that saff (X x X') = saS{X) x 
safr(X'). From X x X' (Z safr(X) x saff(X'), we deduce that saff(X x X') C 
saff(X) xsaff(X'). By considering the affine function /i.a, : Q™ ^ Q^™ defined 
by fi,x{x') = ix,x'), we get saff({x} x X') = {x} x saff(X') for any x £ X. 
From {a;} X X' C X X X', we deduce safr({a;} x X') C safr(X x X'). So 
X X saff(X') C saff(X x X'). In particular, for any x' e saff(X'), we have 
X X {x'} C saff(X X X'). Afiine function /a,:^' : ^ Q^" defined by 
f2,x'{x) = {x,x') proves that saff(A') x {x'} C saff(X x X') for any x' £ 
saS(X'). So, we have proved saS{X) x saff(X') C safr(X x X'). 

Let us consider X,X' C Q™ and let us prove that saS{X + X') — 
saS{X) + saS{X'). By considering the affine function / : Q^m ^ qm 
fined by f{x,x') = x + x', we deduce that saff(X) x saff(A'') = /(saff(A') x 
saflt(X')) = /(safr(A: x X')) = safr(/(X x X')) = saS{X + X'). □ 

Example 9.10. The semi-affine hull of N™ is equal to Q™. In fact, from covering 
lemma EH we deduce safr(N™) = X)™ i saff(N.e,.„0 = X;r=i saff(N).ej,„ = 
E™ 1 Q-e^m = Q'". 

9.1.5 Cyclic sets 

Recall that a (r, m, o')-cyclic set X where cr G Z"* ,„ is a subset of Z™ such that 
^rm <y{^) ^ ■ The foUowing proposition 19 . 1 1 1 shows that the semi-affine hull 
of a (r, m, (T)-cyclic set X C is a finite union of afiine spaces of the form 
^r,m(o') -|- V where F is a vector space. 
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Proposition 9.11. We have saS{X) — ^r,m{o') + s&S{X) for any {r,m,a)- 
cycUc set X <Z Z"" . 

Proof. It is sufBcient to prove that for any affine component A of saff(X), 
we have ^r,m(s) G A. Consider x & X . As j~^ ,^{X) = X then Jr,m,<T{^) — 
j,fc.|crt^^ — ^(cr)) + ^(cr) e X for any fc £ N. Covering lemma [9^ proves that 
Q.(x — ^r,m{o')) + ^r,m{o') ^ saff(X). In particular, for any A G Q, we have 
X.{X — £,r,m{cr)) +£,r,m{<j) ^ saff(X). From covering lemma l9Jl we also prove 
that A.(saff(X) —£,r,m{cr)) +^r,m{<j) ^ saff(X). Let A be an afhne component 
of saff(X). We have proved that Q.{A - ^r,mi<7)) + Cr,m(o') ^ saff(X). From 
A C Q.(A — ^r,m{cr)) + ^r,m{cr) C safF(X), wc dcducc by maximality of the 
affine component A, the equality A = Q.{A — ^(tr)) + Cr.m{c)- In particular 
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Fig. 9.2. On the left a semi-Q^-afSne lattice Pi. On the right a semi-Q.(l, l)-affine 
lattice P2. 



A semi-V -affine lattice P is a finite union of y-afRnc lattices. Observe that 
the class of semi-y-affine lattice is stable by boolean combinations. 

Lemma 9.12. For any non-empty semi-V -affine lattice, there exists a non- 
empty finite set B C Q"* and a V -vector lattice M such that P = B -\- M . 

Proof. There exists a non-empty finite sequence {aj,Mj)j^j where Oj G Q™ 
and Mj is a F- vector lattice such that P = Uj6j(%' + ^j)- From lemma [5751 
we deduce that AI — Hjej ^ T^- vector lattice. Since M C Afj, theorem 

IS.lOl shows that there exists a finite set Bj C Mj such that Mj = Bj + M . We 
have proved that P = B -\- M where B is the finite set B = {}j^j{aj -h Bj). 

a 
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The group of invariants inv(X) of a subset X C Q™ is the group of vectors 
V e Q™ that let X invariant: we have X — v = X . 

Lemma 9.13. The group of invariants of a non empty semi-V -affine lattice 
is a V-vector lattice. 

Proof. Let P be a non-empty semi-y-affine lattice. Lemma [9.121 proves that 
there exists a non-empty finite set B C and a l^-vector lattice M such 
that P = B + M. Let us show that inv(P) C {V n {B - B)) + M. Consider a 
vector V G inv(P). Let b G B. Since P — k.v = P for any fc G N, there exists 
hk & B and ruk £ M such that h — k.v ^ + ru]^. Since B is finite, there 
exists ki < k2 such that bki = b^^. We deduce that (fci — k2).v = m^^ — mi^-^. 
In particular v € V since M C Moreover, from v = b — bi + mi and 
mi e M C V, we get b-bi eV.We have proved that v e {Vr\{B - B)) + M. 
Thus inv(P) is included in the discrete set {V D {B — B)) + M and we have 
proved that inv(P) is a vector lattice. Let us prove that vec(inv(P)) = V. 
From inv(P) C (V^ n (P - P)) -|- M we get vec(inv(P)) C V. Moreover, from 
AI C inv(P) we get V — vec(M) C vec(inv(P)). Therefore inv(P) is a V- 
vector lattice. □ 

The vector lattice of invariants of a non-empty semi-F-afHne lattice is 
geometrically characterized by the following proposition 19. 141 

Proposition 9.14. Let P be a non-empty semi-V -affine lattice and let M be 
a V-vector lattice. There exists a finite subset B C Z™ such that P = B -\- M 
if and only if M C inv{P) . 

Proof. Observe that if there exists a finite set P C Z™ such that P = B + AI, 
we deduce that M C inv(P). Let us now prove the converse. Assume that 
M is a F- vector lattice such that M C inv\/(P) and let us prove that there 
exists a finite set P C Z'" such that P = P + M. Lemma 19.121 proves that 
there exists a non-empty finite set Pq C Q™ and a F- vector lattice ATq such 
that P = Po -I- Mq. As M C inv(P), we deduce that P = Pq AIq -\- AT. Since 
Ad C Mq + M , theorem lS. 101 proves that there exists a finite set Pi C Mq + AI 
such that Mo + AI = Bi+M. Therefore P = P + Af where P = Po + Pi . □ 

Proposition 9.15. Let AI be a V-vector lattice and let B be a non-empty 
finite subset o/Q™. We can compute in polynomial time the V-vector lattice 
of invariants of P — B -\- M . 

Proof. Let us fix a vector &o G P and let us prove that the F- vector lattice of 
invariant inv(P) is equal to the F-vector lattice M' generated by M and the 
vectors v G B-bg such that v -i- B -{- M = B -\- M . Observe that M' C inv(P) . 
Conversely, let x G inv(P). We have x -\- B -\- AI — B -\- M. In particular 
X -{-bo E B + AI and we deduce that there exists v E B — bo and m £ AI such 
that X = v + m. Observe that x-l-P-l-M = B-\-M implies v-\-B-\-M = B + M. 
Thus X G AI' and we have proved that inv(P) — AI' . Note that a vector 
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V e Q™ satisfies v + B + M = B + M li and only if for any b ^ B there exists 
h' ^ B such that v + b — b' ^ A4. Since we can decide in polynomial time if a 
vector is in M, we are done. □ 

Corollary 9.16. Given two semi-affine lattice Pi — Bi -\- Mi and P2 = B2 + 

M2 where Bi, B2 are two finite subsets 0/ Q™, and Mi, M2 are two vector 
lattices, we can decide in polynomial time if Bi + Mi = B2 + M2 ■ 

Proof. Naturally if Bi and B2 are both empty then Pi = P2 and if only 
one of then is empty then Pi ^ P2- Thus, without loss of generality, we cam 
assume that Bi and B2 are non empty. From proposition I9.15i we deduce 
that inv(Pi) and inv(P2) are computable in polynomial time. Observe that 
if inv(Pi) ^ inv(P2) then Pi 7^ Pj- Hence we can assume that there exists 
a vector lattice M such that inv(Pi) = M = inv(P2). We have reduced our 
problem to decide if Bi + Mi = B2 + M2 where Mi and M2 are equal to a V- 
vector lattice M. Let ^i and ^2 be the semi-T^-affine spaces 5*^ = IJbeB (^+^)- 
If Si ^ S2 then Pi 7^ P2. So, we can assume that there exists a semi-V- 
vector space 5* such that Si = S = 82- Remark that Pi = P2 if and only 
if (Pi nA)+ M = (P2 n A) + A/ for any affine component A of S. Thus 
we can assume that Pi and P2 are included into a 1^-affine space A. Let 
ao e A (for instance take oq G Pi) and notice that Pi = P2 if and only if 
(Pi — flo) + M = (P2 — ao) + M. Hence, we can assume that Pi and P2 are 
included in V . From an Hermite Prepresentation of M, we get in linear time 
a Z-basis ui, Vd of M. Let us consider the function X ^ Q'^ defined 
by X{v) is the unique x ^ such that < < 1 and such that there 
exists fc £ Z"^ satisfying v — J2i=i{^ + k)[i].Vi. Note that X{v) is computable 
in polynomial time and Pi + M = P2 + M if and only if A (Pi) — A(P2). 
Thus, we can decide in polynomial time if Pi + M = B2 + M . □ 

Example 9.17. Let Pi be the semi-(Q2_afHne lattice Pi = {(0, 0), (1, 0), (0, 1)} + 
2.Z2 and let P2 be the semi-Q.(l, l)-affine lattice P2 = {(0, 0), (0, 1), (0, 2), (1, 2)}+ 
Z.(2,2) given in figureO We have inv(Pi) = Z.(2, 0) + Z.(0, 2) and inv(P2) = 
Z.(2,2). 



9.3 Semi-patterns 

A V -pattern is a 1^-affine lattice included in Z™ and a semi-V -pattern is a 
semi-y-affine lattice included in Z™. 

Observe that the the ^-lattice inv(P) of a non-empty semi-l^-pattern P 
is included in Z™ n V and if P is empty then inv(P) = V. We denote by 
invv(P) the T^-vector lattice invy(P) = Z™ CiV D mv{X) for any (empty or 
non-empty) semi-l^-pattern P. 
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9.3.1 Inverse image by 'yr,m,<y 

Proposition 19.181 proves that the class of semi-patterns is stable by inverse 
image by jr.m.a- where a £ S*. 

Proposition 9.18. Let B he a finite subset of 17^ and let M he a V -vector 
lattice included in Z™ . For any word a G S* , we can compute in polynomial 
time a finite set Q Z™ such that \Ba\ < \B\ and + ^'^) = -^o" + 

Proof. Let us consider for each b G B such that 'yr,m,a{'^™) r\ (b + M) ^ 0, 
a vector b' G Z™ such that 7r,m,dr(&') G & -I- M. We denote by B' the set of 
b' G Z™ obtained. Note that coroUarv 18.161 provides a polynomial time algo- 
rithm for computing B' . Let us prove that ^~J^ ,^{B + M) = B' + Jr,m]oi^)- 
Let X E B' + 7^]^'g(M). That means, there exists 6' G B' such that 
"fr'Loi^ — b') G M. Moreover, by definition of there exists b E B such 
that ^r.nuaib') G 6 + M. From jl'^jn^oix - b') = ^r,mA^) ~ Irjmfii^')-. get 
lr,m<j{x) E B + M. Therefore x G Jrm ai^ + -^'^): we have proved the 
inclusion B' + 7^7™'o(^) ^ lrX,ai^ + *^)- 

converse inclusion, con- 
sider X G j~^ ,j{B + M). There exists b E B such that ^r,m,<j{x) E b A- M. 
By construction, there exists b' E Z™ such that ^r,m,a{b') E b + M. Hence 

lr,r,i,a{x) - ^r.rn^aib') E M. FrOm 7|,'J'i^^o (^^ ~ = lr,7n.crix) - 7r,m,o-(&')i ^C 

get -il^l^oix - b') E M. Therefore X E b' + '^r,m,o(^^) ^^'^ '^^ have proved the 
other inclusion. □ 

9.3.2 Relatively prime properties 

A semi-V^-pattern P is said relatively prime with r if the V^-lattice invy(P) is 
relatively prime with r. From lemma lS.lll we deduce that the class of relatively 
prime semi-V^-patterns is stable by boolean combinations. In fact, consider 
two semi-F-patterns Pi and P2 and # G {U, n, \, A}. Observe that invv(Pi)n 
invy(P2) ^ invy(Pi#P2) ^ Z™nF. From these inclusions, lemma lS . 1 1 [ proves 
IZ™ n y/invv(Pi#P2)Minvv(Pi#P2)/invy(Pi) n invy(P2)| is equal to the 
integer |Z™ n y/invy(Fi) n invy(P2)|- As invy(Pi) and invy(P2) are two 
y- lattices relatively prime with r, we deduce that invv(Pi) H invy(P2) is 
relatively prime with r. In particular |Z™nV^/invy(Pi7^P2)| divides an integer 
relatively prime with r and we deduce that this integer is relatively prime with 
r. Hence Pi#P2 is relatively prime with r. 

The following lemma provides a geometrical characterization of these semi- 
y-patterns. This characterization and proposition 19 . 181 prove that the class of 
semi-y-patterns relatively prime with r is stable by inverse image by jr,mcr 
for any a E S*^^. 



54 9 Semi-linear Sets 



Lemma 9.19. A semi-V -pattern is relatively prime with r if and only if there 
exists a V -lattice AI relatively prime with r and a finite set B C Z™ such that 
P = B + M. 

Proof. Remark that if P is relatively prime with r then there exists a finite 
subset B C Z™ such that P = B -\- invv(X). Conversely, assume that there 
exists a V^-lattice M relatively prime with r and a finite set B C Z™ such that 
P = B -\- M and let us prove that P is relatively prime with r. Since AI C 
invy(X) C Z^ny, lemmaEHlshows that |Z''"nF/invy(X)|.|invy(X)/Af| = 
|Z™ n VIM\. As |Z"' n F/Af| is relatively prime with r, we deduce that |Z™ n 
y/invy(X)| is relatively prime with r. Thus P is relatively prime with r. □ 

The class of semi-l^-patterns relatively prime with r that are also included 
into a 1^-affine space naturally appear when computing the inverse image of a 
semi-V^-pattern by ^r,m.(j when cr is a word enough longer in S*^ as proved 
by the following proposition 19.211 

Lemma 9.20. Any {r,m,w)- cyclic semi-V -pattern P is relatively prime with 
r and included in the V-affine space A — Cr,m{w) + V. 

Proof. As P is (r, m, i(;)-cyclic, we deduce that P — (P) for any k gN. 

From proposition 19 . 1 8| we deduce that P is relatively prime with r. Moreover, 
from proposition 19. ill we get saff(P) — ^r,m{w) + saff (P). As P is a scmi-F- 
pattern, we deduce that saff(P) is either empty or equal to V. Hence saff (P) C 
Cr,m(w) + V. From P C saff(P), we are done. □ 

Proposition 9.21. The class of semi-V -pattern relatively prime with r and 
included into a V-affine space is stable by inverse image by ^r,m,ij for any 
a G m- Moreover, given a general semi-V -pattern P , there exists an integer 
fc G N such that ^rrna{P) ^ scmi-V -pattern relatively prime with r and 
included into a V-affine space for any word a £ 2J^^. 

Proof. Let us first consider a semi-l/-pattern P relatively prime with r and 
included into a F-affine space A, let a G and let us prove that ^{P) is 
a semi-l^-pattern relatively prime with r and included into a T^-afiine space. 
Recall that we have previously proved that "(rmai-P) ^ semi-y-pattern 
relatively prime with r. Since P C A, we deduce that 7"^ dP) — ^' where 
A' is the y-affine space A' — r~^_^{A). We are done. 

Now, let us consider a general semi-F-pattern there exists an integer fc g N 
such that a{P) is ^ semi-T^-pattern relatively prime with r and included 
into a l/-affine space for any word a G ^^m- Since P is Presburger-definable, 
there exists a FDVA A that represents P in basis r. Let us consider the integer 
/c = the number of principal states of A. Now consider a G S*m- Since 
\a\ > \A\, the word a can be decomposed in a = (Ti.(T2 such that there exists a 
loop q ^ q where w G and q = 5{qo, cti). As Pq = 7"^ ai{P) ^^is set is 
a semi-y-pattern. Moreover, as Jr,m,w{Pq) — A' lemma 1^^201 proves that Pq 
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is relatively prime r and included in a V^-afSne space. Finally, as ^^1,-^ a-{P) ~ 
Irm 0-2(^9) ^ previous paragraph shows that ^rm.aiP) relatively prime 
with r and included into a y-afBne space. □ 

Given a non-empty semi-l/-pattern P included into a V^-affine space A, we 
naturally deduce that ^~}^^^{A) — implies Irm.aiP) — ^- The class of semi- 
y-pattern relatively prime r that are included into a y-afBne space plays 
an important role since the following corollary 19.231 intensively used in the 
sequel proved that for this class, the converse is true: 7";^ aiP) — ^ implies 

Lemma 9.22. Let P be a semi-V -pattern relatively prime with r and included 
into a V-affine space A. We have Jr.m a{P) — &.m{s) + P — Pr.mio', s) for any 
semi-V -pattern P relatively prime with r and included into a V-affine space 
A and for any {r.,m)- decomposition (cr, s) such that Pr,mio;s) € A and such 
that rl""!™ £ 1 + |Z" n V/invviP)\.Z. 

Proof. Let us consider X e "frm.criP)- We have ^r,m,a{x) = rl'^l"* .X + Pr^ra{<^, s). 

Hence rl'^l™.(a; — £,r,m{s)) & P — Pr,mi<^,s). In particular, from P C A and 
Pr,mi,o',s) £ A, we deduce that r"' .{x — ^r,m(s)) S V. Hence x — ^r.m(s) G 
n V. From rl'^l'" £ 1 + n y/invv(P)l, we deduce that (rl'^l- - l).(a; - 
Cr,m(s)) e invy(P). Asa;-^r-,m(s) G P-(rl'^l'"-l).(a:-^r,m(s))-/3r.m(a', s), we 
get X G Cr,m(s) + P — Pr,m{o', s) and we have proved the inclusion 7~^j a-iP) ^ 
^r,m(s) + P ~ pr,m{o',s). FoT the couversc inclusion, let x G £,r,m,{s) + P — 
Pr,m(<T, s). From "fr,m,cy{x) = r^"^"^ .{x - ^r,m{s)) + Pr,mi<y,s), we deducc that 
there exists p G P such that 'yr.m,crix) — — Pr,mi<^,s)) -\- Pr^mi'^Ts). 

Hence ^r,ni,cr{x) ^ p + (rl'^l"' - l).{p - p.r,™(cr, s)). As Pr,m{cr,s) and p are 
both in A, we deduce that p — Pr,m{<^, s) G Z™ n V. Moreover, as rl'^l™ — 1 G 
|Z™ n V/i-nvv{X)\.N, we deduce that (rl"^!'" - - pr,„(cr,s)) G invy(P). 
From p E P, we get jr,m,<T{x) G P and we have proved the other inclusion 

Cr,m(s) + P - Pr.m(0-, s) C 7„1„^^(P). □ 

Corollary 9.23 (Dense pattern corollary). Let P be a non-empty semi- 
V -pattern relatively prime with r and included into a V-affine space A. The 
set Jrm a-iP) non-cmpty semi-P^ jl^Q{V)-pattern relatively prime with r 
and included into the P^ l'^^Q{V)-affine space P~^ „{A) for any word a G S* 
such that -/r.L,ai^) ^ 0- 

Proof. As "yr,m,a-i^) ^.o^ empty, there exists a couple (w,s) such that 
Pr,m{w,s) G 'Y~^^^{A) and such that \a\ -\- \w\ G m.Z. By replacing w hy a, 
word in w.s*, we can assume without loss of generality that G 1-f |Z™n 

y/invy(P)|.Z. From lemma 19^221 we deduce that j~^^„,^iP) = Cr,m(s) + P- 

Pr,m{(^.W,s). As 7rTm,o-.u,(^) = 7rTm,t^ (irTm.g ( ^)) ^ ud J~^^„,^{P) ^ 0, We dc- 

duce that 'yr,m,cr{P) 0- From proposition 19.181 we deduce that lr,m,a{P) 
is a semi-P~^Q(y)-pattern. Let us now show that lr,m,a{P) is relatively 
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prime with r. Since P C ^, we deduce that ^rmui-P) included in the 
-T^ g(V^)-afBne space r~^^^(A). Now, let us prove that Jr,m.aiP) is rela- 
tively prime with r. From proposition 19.181 we deduce that 7^ j,'^'g(invv'(P)) C 
invvi'Jr.m.aiP))- inv\/(P) is relatively prime with r we get 7^m,o(invv(P)) = 
invy(P). Hence7-^o(7~J^'o(invv(P))) = 7rTm 'o(7rTm,o(invy(P))) = 7rTm 'o(invy (P)) 
and we have proved that 7^ J^'Q(invy (P)) is relatively prime with r. From the 
inclusion 7~j^_'Q(invy (P)) C invv/(7~;^^(P)) and lemma [STTTj we deduce that 
invy(7~,jj o.(P)) is relatively prime with r. We are done. □ 



10 



Degenerate Sets 



Given a vector space V, a subset X C Q™ is said V -degenerate if V is not 
included in saff(Z™ nX). The following lemma [10.11 shows that the binary 
relation defined over the subsets of Q™ by Xi X2 if and only if X1AX2 
is 1^-degenerate, is an equivalence relation. The equivalence class for of a 
subset X C Q™ is denote by [X]^ . 

Lemma 10.1. The binary relation is an equivalence. 

Proof. The binary relation is an equivalence relation. Naturally is 
reflexive and symmetric. So, it is sufficient to prove that is transitive. 
Consider Xi,X2,X3 C Q™ such that Xi X2 and X2 ~^ and let us 
prove that Xi X3. We have Z™ n (XiAXs) C (Z™ n {X1AX2)) U (Z™ n 
(X2Z\X3)) and from insecable lemma ESI we deduce that V is not included 
in saff(Z"' n {X1AX3)). Hence Xi X3. □ 

Given two equivalence classes Xi and X2 and a boolean operation ^ G 
{U, n, \,Z\}, the following lemma [10.21 shows that [Xi^X2]^ is independent 
of Xi G Xi and X2 £ X2. This equivalence class is naturally denoted by 

Lemma 10.2. We have [X14X2Y = [X;#X^]^ for any Xi,X(,X2,X^ C 
Q" sMc/i t/iat Xi X( and X2 anrf /or any # G {U, fl, \, A}. 

Proof Let us prove that (Xi#X2)Z\(X( C {XiAX[)4{X2AX'2) for any 
Xi, X{ , X2, X^ C Q™ and for any # G {U, n, \, 

Case # equals to Z\: in this case, we have the equality (Xi#X2)Z\(X(:j^X2) = 
(XiZ\X()#(X2Z\X^) and we are done. 

Case # equals to H: we have (Xi#X2)Zi(X( #X^) = ((Xi n X2)\(X( n 
X^)) U {{X[ n X^)\(Xi n X2)). Remark that (Xi n X2)\(X( n X^) = ((Xi n 
X2)\^{)U((XinX2)\X^). From (XinX2)\X{ C Xi\X{ and (XinX2)\X^ C 
X2\X^, we deduce that (Xi n X2)\(X; n X^) C (Xi\X^) U (X2\X^) C 
(XiZ\X() U (X2Z\X^). By symmetry, we also get (X( n X^)\(Xi n X2) C 
(XiZ\X() U (X2Z\X^). We are done. 
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Case # equals to \: this case can be reduced to the previous case n. In 
fact, if # is equal to \ then (Xi#X2)Z\(X;#X^) = {X^ n {Q'^\X2))A{X[ n 
(Q^VX^)). From the previous case n, we deduce that {Xi n {Q"'\X2))A{X[ n 
(Q"\X^)) C (XiZiX{)U((Q™\X2)Z\(Q"nX^). As (Q"\X2)z\(Q'"nx^) = 
X2AX2, we are done. 

Case # equals to U: we have (Xi#X2)Zi(X{#X^) = ((Xi U X2)\(x; U 
X^))U((X(UX^)\(XiUX2)). Remark that (Xi UX2)\(X{ UX^) (Xi\(X(U 
X^)) U (X2\(X( U X^)). From Xi\(X( U X^) C Xi\X; and X2\(X( U X^) C 
X2\X^, wc deduce that (Xi U X2)\(X{ U X^) C (Xi\X;) U (X2\X^) C 
(XiZ\X() U (X2Z\X^). By symmetry, we also get {X[ U X^)\(Xi U X2) C 
(XiZ\X() U (X2Z\X^). We are done. 

From insecable lemma 19.21 we deduce that if Xi X( and X2 Xj 
then Xi#X2 X(#X^ for any # e {U, n, \, A}. □ 

For any equivalence class X and for any word a G S* ^ , following lemma 
I10.3l shows that the equivalence class hrL.ai-^)]^ ^o^s not depend on X e X. 
This equivalence class is denoted by 7"^ ai-^)- 

Lemma 10.3. We have %^,,^{X) lr,LA^') '^^V ^ *3™ '^'^'^^ 

that X X' , and for any a G ^. 

Proof. Consider X, X' C such that X X'. We denote by Z = 
n (XZ\X'). As X X', the vector space V is not included in saff(Z). 
We have n (7;:i„^^(Xi)Z\7; 

,m,'T2(^2)) — 7r,m,cr(^)- From covcriug lemma 
we get saff(7~;^^(Z)) C r'^^^_^(saff(Z)). By considering the direction of 

the previous inclusion, we get saff (7"^ C safF(Z) since rr^m,a{x) — 

rl''l.a; + 7r,m,o-(eo,m). As V is not included in saff(Z), we deduce that V is nei- 
ther included in ^(Z™n(7-^^„(Xi)zi7-;^^,^ (X2))). Therefore -f-l^^M) 

Ir ,m.<7 

(X'). 

The following lemma [10.41 provides a commutativity result. 

Lemma 10.4. We have 7-;^_^(Xi#^X2) = Ir.mA'^^)^^ "''^V 
equivalence class Xi and X2, for any # G {U, D, \, Z\}, and for any cr G 

Proof. Consider Xi G Xi and X2 G X2. We have 7jr^^(Xi#^X2) = 

[7-l„,.(Xi#X2)]^ = hrXAXl)*%k'riX2)r = hrXA^^)^''#'^Kk^(^^) 
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Polyhedrons 



In this section, we recall the definition of a polyhedron and associate to a 
polyhedron C included into a vector space V, a boundary that only depends 
on the equivalence class [C]^. 




11.1 Orientation 

A V-hyperplane H, where F is a vector space, is a set of the form {x € 
V; {a,x) = c} where (a, c) € {V\{eo,m}) x Q. A F-hyperplane H provides 
a partition of V\H into two open V-half spaces {x e V; {a, x) < c} and 
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{x G V; {a, x) > c} that only depends on the 1^-hyperplane H (see figures 

An orientation o is a function that associate to any couple {V, H) where 
is a F-hyperplane, one of these two open F-half spaces. Given an im- 
plicit orientation o, we denote by {V, H)^ and iV, H)^ the open F-half spaces 
(y, H)> = o{V, H) and {V, H)< = (y\H)\o{V, H). We denote by {V, H)= the 
hyperplane H and the closed V-half spaces {V, H)- and {V, H)- are naturally 
defined by {V, H)^ = H U {V, H)> and (F, iJ)^ ^ H U (V, H)< . 

Remark that a V-hyperplane H is an affine space and in particular H is 
well defined. Moreover, H is also a hyperplane. Remark that H + (V, H)^ 
is an open half space of the form (V, iJ)'^ where ^ G {<, >} depends on H . 
A uniform orientation is an orientation that only depends on the direction of 
the y-hyperplane ll: we have {V, H)* ^ H + {V, ~H)* for any # G {<, <, = 
,>,>}• 

In the remaining of this paper, we assume fixed a uniform orientation (see 
remark 111. II for the existence of such an effective and efficient orientation). 
Moreover when V is implicit, the set {V^ H)"^ is simply written H"^ . 

Remark 11.1. Consider the function o that associate to any {V,H) where 
77 is a V^- hyperplane, the open V^-half space H + (Q+\{0}).iT\/(ei) where 
i G {!,..., m} is the least (for <) integer such that IIv{ei) ^ H. Remark 
that such an integer i exists because if IIv{ei) G H for any i G {1, . . ■ ,m}, 
then V C H which is impossible. Remark that o is an uniform orientation 
computable in polynomial time. 

11.2 V-polyhedral equivalence class 

Recall that a polyhedron C of Q™ is a boolean combination in Q™ of sets 
H'^ where iJ is a Q™-hyperplane and # G {<,<,=,>,>}. A V -polyhedron 
C is a polyhedron included into a vector space V . A polyhedron C is said 
{V,%)- definable, where 5{ is a finite set of F-hyperplanes if C is a boolean 
combination in V of sets in {H*; {H, #) G x {<, <, =, >, >}}. 

Lemma 11.2. A polyhedron is a V -polyhedron if and only if it is (V, Jf)- 
definable for a finite set J{ of V -hyperplanes. 

Proof. Naturally, if C is (V, !K)-definablc then C is a T^-polyhedron. For the 
converse, consider a T^-polyhedron C. By definition C C V and there exists 
Do G ■p/('Q'"\{eo,m}) and K G Pf{Q) such that C is a boolean combination in 
Q"" of sets {x G Q™; (ao, x) #c} where (ao, c) G £>o x if and # G {<,<,=, > 
, >}. From C C y we deduce that C = CCiV and in particular C is a boolean 
combination in V of sets {x G V; {ao,x) ffc} — {x & V; (7Ty(ao),a;) #c}. 
Let D = IIv{Do)\{eo^m} and consider the set of F-hyperplanes "K = {{x G 
V; {a,x) — c}; (a,c) G -D x K} and let us prove that C is (V, !K)-definable. 
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Let (ao, c) £ Df) X K . Remark that {x G V] {Ilvicto), x) ^c} is either empty 
or equal to V in the case 7Ty(ao) = Gq,™, or it is in the class {H'^; {H, G 
{<, <,=,>,>}} if 77y(ao) 7^ eo,™. □ 

Definition 11.3. A V-polyhedral equivalence class C is the equivalence class 
for of a V -polyhedron. 
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Fig. 11.2. Let 1/ = On the left a V-degenerate V-polyhedron Ci. On the right 
a non V-degenerate F-polyhedron C2. 



11.3 Open convex polyhedrons 

A T^-polyhcdron C is said open convex in V (or just open convex when V is 
implicitly known) if it is equal to a finite intersection of open V"-half spaces 
(in particular V is an open convex). 

Definition 11.4. Given a finite set !K of V -hyperplanes and a sequence 
# G {<,>}^, we denote by Cv,# the open convex V-polyhedron Cv,# = 
r\He:K H*" (if'K = $, then Cv,# ^ V). 

Given a (y, J{)-definable polyhedron C, remark that C\{[Jfj^r^ H) is a 
finite union of open convex polyhedrons Cv.# where # G {<, >}^. As [C]^ = 
[C\(UffeM ^)]^' ^^^^ property will be useful for decomposing F-polyhedrons. 



II. 4 Degenerate polyhedrons 

We geometrically characterize the F-degenerate ^-polyhedrons (see figure 

III. 2P thanks to the following proposition 1 11. 71 

We first prove the following two lemmas 111.51 and 111.61 
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Lemma 11.5. For any V -hyperplanes Hi,H2 such that Hi — H2, the open 
convex V -polyhedron fl H2 is V -degenerate. 

Proof. Let a e Z™ n V\{eo^m} and ci,C2 G Q such that = {x e 
V; {a,x) > ci} and such that iJ^ — {x € V; {a,x) < 02}. Let us prove 
that C = H{' n is V^-degenerate. Let K = {k e Z; ci < k < 02} 
and remark that for any x £ TL™ n C we have c\ < {a, x) < C2 and 
{a,x) £ Z. Hence, there exists k G K such that {a,x) E K. We deduce that 
Z^nC C UfcGA" where iJfc is the F-hyperplane Hk ~ {x E V; {a, x) = k}. 
Hence saff (Z™ n C) C {a; G V^; {a, x) = 0}. As a is in V but not in this semi- 
vector space, we deduce that V is not included in saff(Z'" n C). Hence C is 
F-degenerate. □ 

Lemma 11.6. We have {Cv,#V ^ l^V */ and only if Clj^^^H*" ^ 0, for 
any # G {<, >}^ where % is a finite set of V -hyperplanes. 

Proof. Let us consider a sequence (a//, ch)h£'H of elements in (F\{eo,m}) x Q 
such that H*" ^ {x&V; {an, x) > ch}, and let C = flffeM H*" . 

Assume first that riffejt H'^" ^ and let us prove that C is non V- 
degenerate. Consider a vector v in this open convex V^-polyhedron and remark 
that {ctH, v) > for every H £ Oi. By replacing t; by a vector in (N\{0}).w, we 
can assume that v G Z™ n V. Let us first show that there exists xo G Z™ n C. 
In fact, there exists fc G N enough larger such that {aH,k.v) > ch for any 
H E O-C. For such a fc, just remark that xq = k.v G Z™ n C. Next, let us prove 
that there exists a finite set Vq of vectors in Z™ that generates V and such that 
(aHjVo) > for any {vq, H) G Vb x J{. We know that there exists a finite set 
Vq of vectors in Z™ that generates V. By replacing Vq by Vq + fc.w where fc G N 
is enough larger, we can assume that (a//,wo) > for any {vo,H) G Vq x 3i. 
We have proved that xo + J2voeVo ^-^^ — ^ From covering lemma WM 

we get safr(xo + E^oeVo ^-^o) = a;o + Hence F C sa3(Z™ n C). Therefore 
C is non ^-degenerate. 

Now, assume that C\h£J< H'^" — 0. Hence, for any v E V, there exists 
H E such that {an, v) < 0. In particular for any u G C, there exists H E 
such that c// < {aH,v) < 0. Lemma [11.51 shows that C is F-degenerate. □ 

Proposition 11.7. A V -polyhedron is V-degenerate if and only if it is in- 
cluded into a finite union of HH^ where Hi and H2 are two V -hyperplanes 
with the same direction. 

Proof. As a finite union of F-degenerate subsets of V remains V^-degenerate, 
we deduce from lemma 111.51 that if a T^-polyhedron is included into a finite 
union of H{' n H2 where Hi and H2 are two F-hyperplanes with the same 
direction, then it is 1^-degenerate. 

For the converse consider a T^-polyhedron C such that for any finite set 
D C V^\{eo,m}, the V-polyhedron C is not included in {J^eoi^ ^ 
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{a,x) < 1}. Let 3i be a finite set of l/-liyperplanes sucli tliat C is (y,!K)- 
definable. Recall that C — C\(UHejr-^) ^ finite union of open convex 
definable polyhedron Cv,# where # G {<, >}^ and it satisfies [C]^ = [C]^ . 
So, we can assume without loss of generality that C = Cv.ij:- Consider a 
sequence (a_f/, CH)He^ of elements in {V\{eo^m\) x Q such that H"^" — {x ^ 
V; {aH,x) > ch}- Naturally, C ^ % (otherwise we obtain a contradiction). 
Hence, there exists xq G C . Let us consider c G Q such that c > 1, c > (ajj , a;o} 
and c > —Ch for any G 3i. As C is not included in U^fejtl^^ ^1 < 

(^,a;) < 1}, there exists xi G C and such that for any 11^% either 
{aH,Xi) > c or {aH,Xi) < — c. As G C, recall that (Q!//,a::i) > c^. Hence 
(Q;^f,Xi) < — c implies c < — which is impossible. Therefore {aH,Xi) > c 
for any G IK. Consider v — xi — Xq and remark that {an, v) > for any 
H G J-C. Hence v is in Hz/eJC H'^" . From lemma Hi. 10[ we deduce that C is 
non V^-degenerate. □ 

Example 11.8. The Q^.polyhcdrons Ci = {.x G (-1 < x[l\ + a;[2] < 1) V 
(-1 < a;[l] - x[2] < 1)} and Cs = {x G Q^; + 2.a;[2] > A 2.a;[l] - 

x[2] > 0} are given in figure [TTT^l Remark that Ci is Q^-degenerate because 
saff(Z™ n Ci) = ViUV2 where Vi = {x e Q^; x[l] = a;[2]} and V2 ^ {x e 
Q2; x[l]+a;[2] = 0}, and C2 is non Q^.degenerate because saff(Z"nC2) = 

11.5 Boundary 

We are interested in associating to a ^-polyhedral equivalence class 6, a set 
of y-hyperplanes that intuitively corresponds to the "constraints of 6" . 

A possible V -boundary J{ of a V-polyhedral equivalence class C is a finite 
set of V^-hyperplanes such that there exists a (V, IK)-definable polyhedron in 
C. Following lemma shows that a possible ^-boundary can be translated, and 
in particular the direction of any possible V -boundary remains a possible V- 
boundary. 

Lemma 11.9. For any possible V -boundary !K of a V -polyhedral equivalence 
class 6 and for any sequence (Vf/)//g3<: of non-empty finite subset of V , the 
set {v + H] H G V G Vh} is a possible V -boundary of C. 

Proof. There exists a (V, IK)-definable polyhedron C G 6. That means C is a 
boolean combination in V of sets in {H-, H"^, H^, , H G K}. Lemma 
[lL5]proves that [{v + H)*Y = [H*\^ for any {H, #) G K x {<, <, ^, >, >} 
and for any v G Vh- □ 

Lemma 11.10. Let C be an open convex V -polyhedron and Hi be a V- 
hyperplane such that [C n H<]^ ^ [0]^ and [C n H>]^ ^ [0]^. For any 

V-hyperplane Hq such that Hq ^ Hi, there exist ^0 G {<,>} such that 
[C n H*' n H<]^ ^ [0]^ and [C n H*° n H>]^ ^ [0]^. 



64 11 Polyhedrons 



Proof. As C is an open convex set, there exists a finite set !K of T^-liyperplanes 
and # e {<, such that C — Cy_#. Let us consider a sequence {an, CH)He'K 
of elements in (l^\{eo_m}) x Q such that H"^" = {x (an, x) #hCh}- Let 

us also consider (ao,co) and (ai,ci) in (V^\{0}) x Q such that Hf° — {x e 
V- (ao,2^)#oCo} and Hp ^{x^V- (ai,x)#ici}. As [Cnilf^]^ ^ [0]^, 
lemma [11.61 shows that there exists v^^ G Q'" such that (ai,w#j)#iO and 
such that (Q!_f/,t'#i) #ffO for any H ^'K. 

Let us first prove that there exists a finite set Vi of vectors in H/feM H'^'^ 
that generates Hi. There exist and /i> in Q+\{0} such that the vector 
v= = /i<.f< +/i>.u> satisfies (ai,w=} = 0. Remark that G iJi and satisfies 
{aH,v=) #_f/0 for any iJ G JC. Let us consider a finite set of vectors Vi that 
generate Hi and just remark that there exists fi G Q+ enough larger such 
that {aH,v) #_ffO for any {H,v) E 'K x {Vi + fi.v=). Finally, as Vi generates 
Hi and v= G iJi, the set Vi + fi.v= also generates Hi. By replacing Vi by 
Vi we are done. 

Naturally, if Vi C Hq then i/i = iJo which is impossible. Hence, there 
exists vi G Vi such that (Q:o,t'i) ^ 0. Let #o £ {<, >} such that (ao,i'i) #oO. 
Remark that there exists fi G (Q)+ enough larger such that v^-^ + fx.vi G 

riffsM^^" n h'q*''' n for any #i G {<,>}. Lemma HTl] shows that 

[C n n iJ<]^ ^ [0]^ and [c n h*" n i?>]^ 7^ [0]^. □ 

Lemma 11.11. Let C he an open convex V -polyhedron and H he a V- 
hyperplane such that [C D H<]^ ^ [0]^ and [C D H>]^ ^ [0]^. The set 
C n H is non H -degenerate open convex H -polyhedron. 

Proof. Without loss of generality, we can assume that C = X and H ^ H. 
Since C H H'^ is an open convex non V^-degenerate ^-polyhedron, there exists 
a vector in this set. Let us remark that there exists two rational numbers 
x<,a::> in Q+\{0} such that x = a;<.w< +a;>.t;> G H. Since a;<,a;> are both 
in C and a:<, a;> are strictly positive rational numbers, we deduce that a; G C. 
Hence x £ H f) C and from lemma 111.61 we deduce that H f) C is non-H- 
degenerate. □ 

Proposition 11.12. Let C he a V -polyhedral equivalence class and !Kv{G) he 
the set of V -hyperplanes H such that there exists an open convex V -polyhedron 
Ch such that [Ch n H<]^ [0]^ and [Ch n H>]^ ^ [0]^, and such that 
\Ch\^ 6 is equal to one of these two equivalence classes. The set J{y(C) 
is a possible V -boundary of 6 included into the direction of any possible V - 
boundary of 6. 

Proof. Let us first consider a possible ^-boundary !K of C and let us prove 
that for any Hq G !K\!Ky(C), the set 3i\{iJo} is a possible F-boundary of 
C. Let Jf' = !K\{i?o}- As !K is a possible ^-boundary of 6, there exists a 
(V, !K)-dcfinable polyhedron C in 6. We have the following equality: 
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As C is {V, J{)-definable, we deduce that Cv,# n Hf° n C is either empty or 
equal to Cv,# n Hf". Let us prove that [Cy,# n C]^ is either equal to [0]^ 
or equal to [Cy,#]^. Naturally, if Cv,# n or Cv,# n Hq is V^-degenerate, 
we are done. Otherwise, [Cv,# n H<]^ ^ [0]^ and [Ck# n H>]^ ^ [0]^. 
As Cy_# is an open convex ^-polyhedron and Hq ^ J{y(C), we deduce that 
[Cv,#\^ e is neither equal to [Cv,# n H^]^ nor equal to [Cv,# n iJ^"]^. 
However, {Cv,# n C)\Ho is either equal to 0, Cv,#\Ho, Cv,# n i/^ or Cy,# n 
Hq . As the two last cases are impossible, we deduce that [Cy,#]^ C is 
either equal to [0]^ in the first case, or equal to [Cv,#]^ in the second case. 
We have proved that the following (V, !}{')-definable polyhedron C is in 6. 
That means ?{' is a possible V^-boundary. 

C'^ U ^v.* 

Finally, let us now consider a possible ^-boundary M of C and Hq £ :Kv(C), 
and let us prove that Hq G IK. Lemma [11.91 shows that we can assume that 
Jf = J{. As i?o G J{v(e), there exists an open convex ^-polyhedron Cho such 
that [Cff„ niJo<]^ ^ [0]^ and [CHonH>]^ + \%Y and such that [C^J^ 6 
is equal to one of these two equivalence classes. Assume by contradiction that 
i?o ^ From lemma [Tl.lOi an immediate induction proves there exists # £ 
{<, such that [CH„nCy,#ni7o<]^ 7^ [0]^ and [CH„nCy,#ni?o>]^ ^ [0]^. 
As !K is a possible F-boundary of 6, we deduce that [Cv,#]^ 6 is either 
equal to [0]^ or equal to [Cv,#]^. In particular [C_f/„ n Cy,#]^ C is either 
equal to [0]^ or equal to \Cho n Cy,#]^. Moreover, as {Ch^^ C is equal 
to [Cffo n H<Y or [Cff„ n n^Y ^ we also deduce that [Ch„ n Cy,#]^ 6 is 
either equal to \Cho H Cv,# fl -ffj^]^ or equal to \Cua ^ ^ -ff(5*]^- Hence 
there exists #o £ {<, >} such that [Ch^ nCy,# niJ*"]^ is either equal to [0]^ 
or equal to [(7//^ n Cv,^ ■ The first case is impossible and the second case 

implies [C//„ n Cy,# n uf'^Y = [0]^ where #[, G {<, >}\{#o}- We obtain a 
contradiction. Therefore i?o £ K. □ 

The previous proposition 111.121 shows in particular that the set of direc- 
tions of possible F-boundaries of a F-polyhedron C, owns a minimal elements 
for C. 



Definition 11.13. The finite class !Ky(C) is denoted by boundv{G) and called 
the l/-boundary of C. 
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Example 11. 14. Let C2 ^ {x £ Q^. (^ai,x) > A (a2,x) > 0} be the Q^. 
polyhedron given in figure [TTT^ where ai = (—1, 2) and a2 = (2, —1). Let Hi 
and -H"2 be the Q^-hyperplanes defined by Hi = {x £ Q^; {ai,x) = 0} and 
H2 = {xG Q2; (a2,a;) = 0}. Naturally, as C2 is (Q^, {i/i, i/2})-definable, we 
deduce that {Hi, H2} boundQ2 ([(72]*^ ). Let us show the converse inclusion. 
Consider the open convex Q^-polyhcdron Ch-^ ^ {x € Q^; {a2,x) > A 
x[2] > 0}. Remark that [Ch^ n iJ<]Q' and [CH^ n H>]'^^ are not equal to 
[0]"^ and [Chi H 02]"^ is equal to one of this two classes. We deduce that 
Hi E boundQ2(C2). Symmetrically, we get H2 G boundQ2 ([(72]"^ ). Therefore 
boundQ2([C2]Q') = {i?i,i/2}. 



11.6 Polyhedrons of the form C + V 

In the sequel, we often consider (Q)™-polyhedrons of the form C + where 
C is a 1^-polyhedron. In this section, we provide some properties satisfied by 
these sets. 

Given a F-polyhedral equivalence class C, following lemma 111.151 shows 
that the equivalence class [C + V-^]^ does not depend on the F-polyhedron 
C G 6. This equivalence class [C + V^]"^ is naturally denoted by 6 + V-^. 

Lemma 11.15. We have C + C + for any V -polyhedrons C and 

C such that C ~^ C 

Proof. We have n ((C + V^)A{C' + V-^)) = n (Co + V-^) where Co = 
CAC. As C C, we deduce that Co is F-degenerate. In order to prove 
the lemma, we have to show that V is not included in saff'(Z™ n (Co + V-^)). 
Proposition 111.71 proves that there exists a finite set D C Z™ n V^\{eo.m} 
and an integer fc G N such that Co C lJaGr>{^ ^ ^! I (o^i 2;} | < k}. Let 
K = {—k, . . . ,k} and remark that we get Z™ n (Co + V-^) C IJ^^ k)eDxK{^ ^ 
Q"; (a, x) = k}. Hence ^(Z™ n (Co + V^)) C \J^^^ a^. As a e V for any 
a G -D, we deduce that V is not included in for any a E D. From insecable 
lemma we deduce that V is not included in {J^eo'^^- particular V is 
not included in saff(Z"' n (Co + F^^)). Therefore C + C + V-^ . □ 

Remark that even if [C + V^^]^ does not depends on a T^-polyhedron C G 6, 
there exist subsets X CV inG such that [X + V-^]^ ^ [C + V^]^ as shown 
by the following example 1 11. 161 That explains why our definition of 6 + 
is limited to ^-polyhedral equivalence classes C. 

Example 11.16. Assume that m = 2, let = {x G Q^; x[l\ — x[2]}. Let us 
consider the F-polyhedron C = and the set X = (i, i) + (Z™ n V). Remark 
that [C]^ = [XY. However [C + V^]'^ = [0]^ whereas [X + V^]^ ^ [0]^ 
since Z™ n (X + V^) = (0, 1) + 2.Z2. 
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Let us finally proves that j^m ai^ + = 6 + for any t/-polyhedral 
equivalence class C and for any word cr G Z'*^. In fact, given a F-polyhedron 
C S C, we have the following equalities: 

We can easily prove that IVm ct('^ + ^ Q^-polyhedron of the form 

C + V-^ by introducing the sequence {rv^r.m,a)<j£E^ ^ of affine functions 
rv,r,m,cr '■ V ^ V defined by the following equality for any x £V: 

rv,r,raM{x) = T^^^X + nv{lr,m.,y{eo,m)) 
Remark that Ty^r.m.cri.cra = -Tv.r.m.cri O rv,r,m,a2 for any word 0-i,(T2 e ^*,mi 

A'.r.m.e is the identity function, and r~^^^{C + y-'-) = -ri/r,m,o-(^) + fo'^ 
any subset C CV. 

Thanks to the following proposition 1 11 . 17[ we deduce the following corol- 
lary [TTIl8l 

Proposition 11.17. We have [-r,r^^^(C)]^ = [C]^ for any V -polyhedron C 
and for any a £ ^r.m ■ 

Proof. Let us consider a finite class of V-polyhedrons such that C is (V, %)- 
definable. As C is a boolean combination in V of sets i?'^ where H E H 
and # G {<,>}, we can assume that C is equal to such a set. As H and 
^Vrm cr(-^) ^^'^'^ the Same direction, from lemma [T 1.51 we are done. □ 

Corollary 11.18. We have 7~,^„^^(e + V^) ^ C + V-^ for any V-polyhedral 
equivalence class and for any a £ ^rm- 
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comp(saff(X)) 



Xv 



u 



A 



\ 



Aecomp(saff (X)) 
~1<ZV 



I 



Obseve that Xy is non empty and as shown by the following dense component 
lemma [l2. 11 the semi-affine hull direction saff(Xv) is equal to V . 

Lemma 12.1 (Dense component lemma). We have sa.S{X D A) ^ A for 
any subset X C Q™ and for any affine component A o/saff(X). 

Proof. We have safF(X) = A U S* where S is the semi-afhne space equal to the 
finite union of affine spaces A' e comp(saff (X))\{A}. From X C saff(X), we 
deduce that X C {Xr\A)iJS C saff (XnA)US'. By minimality of the semi-affine 
hull, we get saff(X) C saff(X f] A)\J S. As A saff(X), insecable lemma 
shows that either A C saff (X f^A) or A <Z S. In this last case, by definition of 
S, insecable lemma proves that there exists A' € comp(saff(X))\{v4} such 
that A C A'. As A is an affine component of saff(X) and A C A' C sa.S{X), 
we get the equality A = A' which is impossible. Therefore A C sa&{X n A). 
Moreover, as X n A C A, we get the other inclusion saff (X n A) C A. □ 

We are going to prove that this decomposition of X can be refined when 
X is Presburger-definable. In fact, in this case, we show that Xy can be de- 
composed (up to F-degenerate sets) into sets of the form P n (C + V^) where 
P is a semi-F-pattern and C is a F-polyhedron. 

Naturally, a set Pn (C-l- V-^) is Presburger-definable. The semi-affine hull 
direction of such a set is characterized by the following lemma [T2. 21 
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Lemma 12.2. Let P be a semi-V -pattern and C a V -polyhedral equivalence 
class. We have [P]^ (6 + V^) ^ [0]^ if and only if P 9 and G ^ [0]^. 

Proof Naturally if P = or 6 = [0]^ then [P]^ = [0]^ or 6 + [0]^ 
and in this case [P]^ [G + V^) = [0]^. Assume that P ^ and C is 
non y-degenerate and let us prove that [P]^ (6 + V-^) ^ [0]^. As C 
is polyhedral, there exists a l^-polyhedron C e 6. Let us consider a finite 
class yi of F-hyperplanes such that V is (F, IK)-definable. As C\^^^^r^H) 
is a finite union of F-polyhedrons of the form Cy_# where # G {<, >}^ and 
\HY = [0]^i we can assume without loss of generality that there exists # such 
that C = [Cv,#]^. Moreover, as a semi-y-pattern is a finite union of ^-pattern, 
we can also assume without loss of generality that there exists a e Z™ and a V- 
group M such that P = a+M. We have to prove that [P]^n^(e+y^) ^ [0]^. 
That means V is included in saff((a+M) n (Vv,# + V^^)). Let (aj? , c//)/fgj<; be 
a sequence of elements in (F\{eo,m}) xQ such that H'^" — (a_f/, x) > 

ch} for any H G Oi. Lemma [11.61 proves that there exists v d V such that 
{aH,v) > for any H e 3i. By replacing w by a vector in (N\{0}).'i;, we can 
assume that v G M. Let a' = Hyia) be the orthogonal projection of a over V. 
Vector v' ^ a — a' G . There exists an integer fc G N enough larger such that 
(a, a! + k.v) > ch for any H G'K.ln particular a' + k.v G C. As k.v G M, we 
deduce that a+k.v G P. From a + k.v = {a' -\-k.v)-\-v' we get a-\-k.v G C-\-V^. 
Hence xq ~ a -\- k.v G P fl (C + V^). Let us now consider a finite set Vq of 
dim(y) vectors in Q™ that generates V. By replacing Vq by k.Vo where k G 
N\{0} is enough larger, we can assume that Vq C M. Moreover, by replacing 
Vo by Vo + k.v where fc G N is enough larger, we can assume that (ajy, vq) > 
for every {H,vo) G^HxYq. We deduce that xo+J2v„eVo ^■'"o ^ Pn(C + F-L). 
Covering lemma 1^31 proves that safF(xo + X^uogVo ^-^o) ^ particular 
from xo + J2voGVo ^■'"o C P n (C + F-^) we get V C saff(P n (C + V^)). □ 

Definition 12.3. A t^-polyhedral partition (Ci)ie/ is a non empty finite se- 
quence of V -polyhedral equivalence classes such that Ci^ fl^ Cij = [0]^ if and 
only if ii ^ ii and such that [V]^ — Ule/ Cj- 

Theorem 12.4 (Decomposition theorem). Let X C Z™ be a Presburger- 
definable set and V be an affine component o/saff(X). There exists a unique 
V -polyhedral partition (Cy,p(X))pg33^,(x) indexed by a non-empty finite class 
J'y(X) of semi-V -patterns such that: 

Proof. Let us first prove that two P^-polyhedral partitions (Cy.p)pgy^, and 
ie'v,P')p'e9'^ that satisfies [Xy]^ = Upe3'v([^]^ ^'^^^p + ^^)) ^'^'^ 
[Xv]^ = Up'e3" (i^T (eV,p- + V^)) are equal. Consider P G 'Py- As 
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[VV = Up'sTV C'v.P" deduce that C^.p = Up'st'^^^^-^ ^'v-P''^' 
particular, there exists P' e CPy such that Qv,p Cyp/ [0]\/- Consider 
such a F' e T'y. By intersecting the equahty \Sp^y^{[PV {Gv.p{X) + 

y^)) - Up'GTV^t^']'' (ekp'(^) + ^^)) with Qv,p eV,pM we get 
[PAP']^ ((Cv.p e'yp,) + V^) = [0]^. Lemma proves that 

PAP' ~ 0. Hence P = P' and we have proved the inclusion !Pv/ C J"^ 
and by symmetry the equality Py = CPy. Remark that we have also proved 
that for any P' G 'S"v\{P} we have C^p Q'yp, = [0]^. Therefore 

Cv.pH^ (Up'GyVM^} '^V',^") ^ [^]^- e^y^pOp'eyV ^ V^-polyhedral parti- 
tion, we deduce that Qy.p ^'v p t)y symmetry &v,p — Gyp- We have 
proved that {<iv,p)p£Vv and (Cy_p,)p/g5)^ are equal. 

Next, let us prove that there exists a ^/-polyhedral partition (ev,p)pgTv 
satisfying [Xy]^ = Upeyv^t^]^ (^^'^ + ^^))- denote by >lv the 

set of A e conip(saff(Xv)) such that A = V and let Xy = Xy n {{JAeAv 
As Xy is Presburger-definable, a quantification elimination shows that Xy is 
a boolean combination in Z™ of sets of the form {x £ Z™; (a, x) c + n.Z} 
and of the form {a; e Z"; (a, a;) #c} where {a,if,c,n) e (Z™\{0}) x {<, > 
} X Z X (N\{0}). Remark that any boolean combination of sets of the form 
{x € Z™; (a, x) G c+n.Z} is a semi-Q^-pattern and any boolean combination 
in Q™ of {x e Q™; {a,x) #c} is a polyhedron. Hence, there exists a finite 
sequence {Pi,Ci)i^i where Pi is a semi-Q™-pattern and Ci is a polyhedron 
such that = {Ji^j{Pi^Ci). Let us consider a sequence (w^)yiGyiv of vectors 

e A. For any « £ / and A G Ay, we have A n Ci = A n (Ci,^ + V"^) where 
Ci^A is the F-polyhedron d^A = n Ci) — v'a- As I x Ay is finite, there 
exists a finite set 3i of F-hyperplanes such that Ci,A is {V, !}{)-definable for 
any {i,A)eIx Ay. We have: 

U + ^^)) - U (^t- n + F^)) 

= U U {P.nAn{a^A + v^)n{Cy# + v 

= U U {P^nAn{{a^AnCy#) + v^)) 

= \J P#n {Cy,# + v^) 

#e{<,>}« 

Where P# is the semi-F-pattern P# = [J{^,A)eIxAv■, c..AnCv,#M^' ^ (^*^" 
call that d^A H Cv_# is either empty or equal to Cy^^). Let us denote by 
= {-P#; [Cy_#]y 7^ [0]y} and consider the sequence (Cy,p)pgy^, of V- 
polyhedrons defined by: 

Cy,p = [J ^v',# 

#e{<,>}^'«; P#=P 
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Remark that (Cv',p)pej'v where Cy.p = [Cv,p]^ is a V^-polyhedral partition. 
Moreover, the set Zy = XyZidJp^y^, (P n {Cv,p + V^))) is included in the 

union of UAecomp(saff(Xv))\.Av ^' U#6{<,>}«; [Cv,#]v. = [0]v(^#^('^^:#+"^^))' 

and {Jne^Ki^v Ci {H + V-^)). Remark that for any A G comp(saff 
we have [A]^ = [0]^, for any # e {<, >}^ such that [Cy,#]v = [0]y, lemma 
[lU shows that [P# n {Cv# + V^)]^ = [0]^, and for any iJ G JC, we have 
[Xvr\{H + V^)]^ = [Xv]^n^[H + V^]^ = [XvVn^M^ ^ W ■ We deduce 
that {ZvY = W- Therefore {XyY = \fp^y^{{PY [ty.p + V^))- □ 



rr 



Fig. 12.1. 

4.^[2])} 



The Presburger-definable set X = {a; e (a:[2] > 4.x[l]) V (a:[l] > 



Example 12.5. Let us consider the Presburger-definable set X = {a: G N^; (a;[2] > 
4.x[l]) V {x[l] > 4.a;[2])} given in figure \l2l\ We have saff(X) = Hence 
y = is the only affine component of saff(X). The F-polyhedral parti- 
tion ([Cy,p]^)peT^ defined by = {Z^0}, Cyz- = {x e Q^; < x[l] < 
4:.x[2] V < x[2] < 4.a::[l]} and Cyj = V\Cyj^2 satisfies decomposition theo- 
rem. 

The following proposition shows that the decomposition theorem can be 
also applied to [X]^ since [Xy]^ = [X]^ ■ 

Proposition 12.6. We have [Xy]'^ — [X]'^ for any set X C Z™ and for any 
affine component V of saS{X) . 

Proof. Let us consider the semi-affine space S equal to the affine component 
A of comp(saff(X)) such that A CV. Recah that Xy ^ X nS. In order to 
prove that [^y]^ = [X]^ , it is sufficient to show that V is not included in 
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safF(Z™ n (XAXv))- Remark that Z" n (XyAX) = X\S. Moreover as X C 
U^Gcomp(saff(x)) ^> ^6 dcduce that X\S C UAecomp(saff(x))(^\'^)- NaturaUy, 
if A V then A S and in particular A\S — 0. Hence X\S is included into 
the finite union of affine component A of saff(X) such that A <^ V. Assume 
by contradiction that V is included in saff(X\S'). From insecable lemma [121 
we deduce that there exists such an affine component A such that V C A. 
Hence V C A C saff(X) and as V is an affine component of saff'(X), we 
deduce that V — A which is in contradiction with A V. Hence V is not 
included in saff(X\S') and we have proved that [^y]^ = i^]^ ■ ^ 
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Strongly Connected Components 



A component T of a FDVG G is a strongly connected component of the 
parallelization [G]. 

13.1 Untransient strongly connected components 

A component T is said untransient if there exists a loop q q where q (z T 
and a g S^m- Otherwise, the component T is said transient. 

In this section, we prove that for any untransient component T of a FDVG 
G there exists a unique vector space Vg(T) and a unique sequence {aG{q))q^T 
of vectors in Vg(T)-'- such that we have the following equality: 



Moreover, an algorithm for computing Vg{T) and {aG{q))qeT in polynomial 
time is provided. 

Remark 13.1. The vector space Vg{T) does not depend on g G T. 

The polynomial time computation is based on a fix-point system provided 
by the following proposition 113.21 

Proposition 13.2. Let T be an untransient component of a FDVG G and 
let Kq be the set of .states ka Cz K reachable and co-reachable from T. There 
exists a unique minimal (for the point-wise inclusion) sequence of affine spaces 

{Ako)ko£Ka iT-ot equal to i0)ko<£Ko such that for any transition fco fcp where 
(fco, b,kQ) £ Kq X Er X Kq, wc havc the following inclusion: 



saff({^r,m(?«); q 



^q}) = aG{q) + VG{T) 



Moreover, this sequence satisfies saS{{^r,m{w)] fco 
any fco G Kq. 



^ fco}) 



Ako for 
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Proof. We denote by Zk^ the set of Z^^ = {Cr,m(w); fco '■ — > fco}. By 

developing the expression S,r,m{o'i-w^ -(^2) where ui, a2 are in S* such that 
(Ti.0'2 £ ^tm-< £ ^tm ^-i^d n G N, we obtain the following equality: 

Let us first prove that (saff (ZfcQ))fcj,gXo satisfies the fix-point system. Con- 
sider a transition fco fcg where (fco, ^o) G i^o x x -fi'o- As fco and fcg and 
in the same strongly connected component, there exists a path fcg fco- By 
replacing <ti by <ti.(&.(Ti)™~^, we can assume that ai.b G i^^„j. Let us consider 
X G Zkg. There exists a loop fco fco where w € ^^„i such that a; = ^r,m{w). 

Remark that for any n G N, we have the loop fco "^^'^ k'^. Therefore 
Cr,m(o'i.w".5) G Zi^i^. Thanks the the equality given in the first paragraph and 
covering lemma l9Jl we deduce that Q-Fr^mMiix) + ^(x) C saff(Zfej^). In 
particular r~^^ G saff(Zfcj^). We have proved the inclusion b(^ko) ^ 
saff(Zfc/j) and from covering lemma \9l9\ we get ^^{saS{Zko)) C saff(Zfc/j). 
We have proved that {sa.S{Zkg))ko&Ko satisfies the fix-point system. 

Now, let us prove that saff(Zfc,-|) is an affine space. Remark that this semi- 
affine space is not empty and in particular there exists at least one affine 
component A of saff(Zfc„). Let x G Zko- Assume by contradiction that Zk„\A 
is not empty. Let us consider a vector x G Z^g \A. By definition of Zkg , there 
exists a loop fco fco where w G S^^^ such that x = £,r,m{w). From the 
previous paragraph, we deduce that r'"^ (saff (Za;q)) C saff(ZfeQ) for any 
n G N. In particular r^,l^^n{A) C sa.S{Zkg) for any n G N. Remark that 
-f'rTm.u)" (^) = -(A ~x) + x thanks to a; = (,r-,n{w). Covering lemma |9J] 

shows that Q.{A-x)+x C saff(ZfcJ. As A C Q.{A-x)+x C saff(ZfcJ and A is 
an affine component of sa.S{Zko), we deduce the equality A ~ Q.{A — x) + x. 
In particular x G A and we obtain a contradiction. We have proved that 
Zko\A = 0. Therefore Zk„ C A. We get saff(ZfcJ = A. Therefore saff(ZfcJ 
is an affine space (remark that even if these proof is similar to the one pro- 
vided by proposition 19 . 1 11 we cannot apply this proposition since Z^g is not 
necessary (r, m, ?x;)-cyclic). 

Finally, let us consider a sequence of affine spaces {Akg)kgeKg not equal 
to (0)fc(,6_ft:o such that r~^]i^i,iAkg) C A^^^^ for any transition (fco fcg with 
(fco,^, feo) & Kq X Sr X Kq and let us prove that saff(ZfcQ) C Akg for any 
fco S Kq. An immediate induction shows that r~^^^{Akg) C A^.^ for any path 
ko fco where (fco, cr, fco) G A'o x S* x Ko. Since sa.S{Zkg) is an affine space, 
it is sufficient to show that Zkg C Akg. Since {Akg)kgi£Kg is not equal to the 
empty sequence {^)ko£Kg , there exists at least a state fci G Kq such that Ak^ 
By definition of Kq, there exists a path fci ^ ko. From r^m.cri^ki) ^ Akg 
we deduce that Akg ^ 0. Hence, there exists a G Akg. Since x G Zkg, there 

exists w G such that fco fco. From the path fco fco, we get 
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r^m,w"{^ko) ^ Ak„ for any n E N. Hence r;'J^.^„{a) E A^^ for any n E N. 
Since ^r7rn,«;"(^) = r'^l'"l™.(a — $r,m(w)) + ^r.7niw) , from covcring lemma [9?9l 
we get Q.(a - Cr,m(w)) + Cr,m(u') e ^feo- In particular ^r,m(w) G Afe^ and we 
have proved that Zk„ Q Ak„. Thus saff(Zfcp) C Ak„ for any fco G -K'o- 
Since (saff (Zfcj,))fe„gKo is not equal to (0)fcoG-R'o: done. □ 

We deduce the following proposition 113.31 that shows that a characteristic 
vector space denoted by Vg(T) is associated to any untransient component 
T of a finite DVG G. This vector space is extremely useful in the sequel for 
extracting geometrical properties from a FDVA. 

Proposition 13.3. Let T be an untransient component of a finite graph G 
labelled by Ur,m- There exists a unique vector space Vg{T) and a unique se- 
quence {aG{q))qeT of vectors in Vg{T)^ such that for any q E Q: 

s&^{{ir,M- q -> q}) = aG{q) + Vg{T) 

Proof. Let Aq = saS^{{^r,m{w)\ q q}). The previous proposition ll3.2l 

proves that Aq is a non empty affine space. It is sufficient to show that the 
vector space Aq that does not depend on g e T. By symmetry, it is sufficient to 
prove that Aq-^ C Aq,^ for any gi, (72 G T . Since T is strongly connected, there 
exists a path qi ^ q2 with a E S*^. Proposition ! 13 . 21 proves by an immediate 
induction that P^^y^j ^.(AgJ C Aq^. Since the affine space r~^^^{Aq^) is equal 

to r~l*"l".(ylgj — Pr,m{w, eo,m)), its direction is equal to Aq^. We deduce that 

Aq^ C Aq^. □ 



13.1.1 A polynomial time algorithm 

Thanks to the fix-point system provided by proposition 1 1 3 . 2l we are going to 
show that Vg{T) is computable in polynomial time from G. 

Theorem 13.4. LetT be an untransient component of a FDVGG. The vector 
space Vg (T) is computed in polynomial by the algorithm given in figure \13.1\ 

Proof. Naturally, the algorithm terminates in polynomial time. Let us prove 
that the vector space V returned by the algorithm is equal to Vg{T). Let 

{Sko)ko£Ko be the sequence of affine spaces Skg — saff ({^r.m(w); fco ' — > 

fco})- For any state fco E Kq let us consider the set Jkg — A(fco) — A(fco) the 
set of difference of two elements in A(fco)- 

Let us show that for any fco, fcg ^ -^Oj we have Jk„ + m.Z — J^^ + m.Z. 
It is sufficient to show the inclusion Jk^ C J^^ + m.Z. Let 11,12 E Jko- There 
exists two paths qi — ^ fco and 52 — ^ fco where \ai\ E ii + m.Z, \a2\ £ 
12 + TO.Z and 91,92 G T. Since T is strongly connected (for [G]), there exists 
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a path fco ~* ^0- From the path qi '^^'"'> fcg and q2 '^^'"'> fcg we deduce that 
(jcTil + |i(7|) — (10-2 1 + £ Jfcj^ + m.Z. Hence ii — 12 G A^;, + m.'Z. We have 
proved that for any kg, kg G Kq, we have J^q + m.Z = Jj-j^ + m.Z. 

Thanks to the previous paragraph, we deduce that i^rTm,o(^) — ^r,m,o(.^) 
for any ii,«2 G A(fco) and for any fco G i^o is an invariant of the algorithm. 
Thus, for any ko G Kq, there exists a vector space T4(, such that Vko = 

^rm o(^) * ^ -^(^o)- For any transition fco fcg such that (/cq, k'^) G 

ifo X X i^o, let Xka^b,k'„ = -^rTm,6(?r,m(crfeo)) - Cr,m(o-fc^), and let ylfco = 

Let us show that Vg(T) C Since for any transition fco fcp where 
(fco, 6, k'o) G KqX ErX Ko and for any i G A(fco), we have r:i:m Q{xko,b,k'g) G 
we deduce that b(^feo) — ^fc^ and in particular (AfcQ)fcQgifp is a sequence 
of afRne spaces satisfying the fix-point system provided by proposition 113.21 
and not equal to (0)fc(,g/fQ. By minimality of the sequence {SkQ)ko£Koj "^e 
deduce that S^o C A^^ . Taking the direction of the previous inclusion, we get 
VaiT) C V. 

Let us prove the converse inclusion V C Vg{T). Remark that V is gen- 
erated by vectors m o{xko,b,k'„) where fco fcp is a transition such that 
(fco, b, fco) G iiTo X Z'r X Kq, and i G A(fco). Since Vg{T) is a vector space, it is 
sufficient to prove that K%l,oi^koAk'a) G Vg{T). Remark that Cr,m(crfco) 6 Sko 
and since r~^,^{Sko) ^ ^k'^, we get /"~m,,,(Cr,m(crfco)) ^ Sk'^. Moreover, as 
Cr,m(o-fc;-,) e Sk'^ and is an affine space, we get Xk„^b,k',-, £ 5*^;^. By def- 
inition of A, there exists a path q ko such that \a\ E i + m.Z. As T 
is strongly connected for [G], there exists a path k'o ^ q where q E T 
and (7.6. w G As r~^^^{Sk'^) C S'g, taking the direction of the previ- 

ous inclusion provides /^rir^o ( •S' fe^ ) ^ ^G(r). From 2:^0,6,^^ G 5" fc;:^ we get 
Xk,.b,k', e ^™,o("^fe(T)). As r™„,o(VG(T)) = FG(r) (in fact for any vector 
space W we have r^^n^iW) = W^), we deduce that Gamma}^l^ oi^G{T)) ~ 

r~inf\yG{T)). Thus K+l^ixk^^bM',) e ^G(r) and we have proved the other 
inclusion V <ZVg{T). □ 

Example 13.5. Let ArA{m) be the FDVA given in figure [T3?2l The two 
components Ti = {{0}} and T±_ = {0} are untransient,and the component 
To — {{!}} is transient. 

Example 13.6. Let yir,3(+) be the FDVA representing {2; G Z^; a:[l] -I- x[2] = 
x[?i\} and given in figure [221 We denote by qo, qi and qj_, the principal states 
go = {x G Z3; a;[l] + a;[2] = a;[3]}, qi = {x G Z"; a;[l] + a;[2] + 1 = x[3]} and 
g_L = 0. The two strongly connected components Tq = {go, 91} and T± = {q±} 
are untransient. We have Vg{T±) = and Fg(T'o) = {x G Q^; a;[l] x[2] = 
x[3]}. 



13.1 Untransient strongly connected components 



81 



function Vg{T). 
input 

A FDVG G = {Q, m, K, Er, 5) and an untransient component of T of G. 

output 

Vg{T). 

begin 

let K(i be the set of states ko € K reachable and co-reachable from T. 
for each state fco € Kq- 

let akg € S^,m such that fco > fco- 

let A(fco) ^ {i e {0, . . . , m - 1}; T ^"'•"^'^^ , ko}. 
end for. 
let V ^ {eo,m}. 

for each transition fco fco. 

let X ^ r-^ ^^{ir.m(oko)) - Cr,m(crfc^). 

letl/^y + E,eMfeo)Q-^.-.oW- 
end for. 

return V . 

end 



Fig. 13.1. An algorithm computing in polynomial time VciT). 




Fig. 13.2. The FDVA yi^.i ({1}) 

Example 13.7. Let Ar,2{Vr) be the FDVA representing {x e I?] Vr{x[l]) = 
a; [2]} and given in figure [Ol We denote by go, 9i and the principal states 
qo = {x& I?] Vr{x[\\) = x[2]], qi=Zx {0} and qj_ ^ 0. The three strongly 
connected components Tq = {qo}, Ti = {qi} and T± — {q±} are untransient. 
Moreover, the vector spaces associated to Tq, Ti, T± are respectively equal to 
{eo,™}, Q X {0} and Q\ 
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13.2 Detectable semi-y-patterns 

In this section, we prove that any semi-T^-pattern P G introduced by 

decomposition theorem 112.41 is (r, m)-detectable in X for any affine compo- 
nent V of sa.S{X) and for any Presburger-definable set X. That means, given 
a DVA A that represents X, there exists a final function F such that P is rep- 
resented by . Independently, being given a semi-y-pattern P and a FDVA 
A that represents a set X not necessary Presburger-definable, a polynomial 
time algorithm for deciding if there exists a final function F such that P is 
represented by A^ is provided. 

Lemma 13.8. Given a Preshurger definable set X , an affine component V of 
saS{X) and a word a G ^rm^ ™s have: 

b-lAxr = U ibrXAP)]'' (ev,p(x) + v^)) 

Proof Recall that [X]^ = [fp(^yy(x)i[PV (ey,p(X) + V^)) from decom- 
position theorem 112.41 and proposition 112.61 We deduce that [lr,m,ai^)\^ = 

\fpey^( x)ibr,} nAP)V (ey,p(X) -I- 1/^)) from lemmas [TOj and [TOU and 
corollarv flTTHl ' □ 

Corollary 13.9. Let X be a Presburger-definable set and V be an affine com- 
ponent o/saff(X). Any set P G is detectable in X. 

Proof. Let us consider a pair (cri, 02) of words in such that 7";^^ „^ {X) = 
7-^.,^(X). From lemma HM] we deduce that \fp^y^(x){\lr,L^^{P)V 
{QvAX) + 1^^)) = {fp^y,(x)ibr,l,^.{P)V (ey,p(X) F^)). By in- 
tersecting the previous equality by Qv,p{X) + V^, we get [lr.rn,(yi{P)\^ 
{QvAX) + V^^) = [lr.ka,{P)V (ey,p(X) + V^^). From lemma HZSl we 
deduce that -f-)^^^^ [P) = lr,m.<y2 (^)- ° 

Even if the following two corollaries are not used in this section, they 
become useful in the sequel. 

Corollary 13.10. Let X be a {r,m,w)- cyclic Presburger-definable set and let 
V be an affine component of saff(X). Any semi-V -pattern P G J'y(X) is 
relatively prime with r and included in the V -affine space A = ^r.m{w) + V. 

Proof. Since any P G J'v(X) is (r, TO)-detectable in X, we deduce that any 
P G J'y(X) is (r, m, w)-cyclic. From lemma 19.201 any P G J'y(X) is relatively 
prime with r and included in A. □ 

Corollary 13.11. The set Z™ n (Cr,m(w) + V) is {r,m) -detectable in X 
for any Presburger-definable set X C Z™ and any affine component V G 
comp(saff(X)). 
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Proof. Let A be the T^-affine space A = £,r,m{w) + V. Let us consider P G 
Ty(X)\{0}. It is sufficient to prove that Z™ n A is (r, m)-detectable in P. 
Consider a pair {<ti, (T2) of words in S*^ such that there exists P' satisfying 
7r^m,cri(-P) — P' — Jr,m a^i^) ■ ReDiark that if P' = then the dense pattern 
corollary shows that 7";^ {I/^nA) = = 7"^ „^ (Z™ n^). If P' = we 
deduce that saff(7-^,,^(P)) = P-^aM)- Therefore 'P"^,,^ (A) - P-^.M)- 
In particular, by intersecting the previous equality by Z™, we get 7^ „ a (Z™!"! 

Theorem 13.12. Let A he a FDVA, let M be a V-vector lattice included 
in Z™, and let B be a non empty finite subset of Z™. We can compute in 
polynomial time a partition Bq, Bi, Bn of B such that a semi-V -pattern 
P of the form P — B' + M where B' C_ B is represented by a FDVA of the 
form A^ if and only if there exists J C {1, . . . , n} such that B = Uje j ■ 

Proof. Let us denote by C the class of subsets of X' C Z™ that can be 
represented by the FDVA A^ where F is any final function. Since C is stable by 
boolean operations in {U,n,\,Z\}, we deduce that exists a unique partition 
Bq, Bi, Bn of a subset of B satisfying the theorem. From proposition 
14.61 we deduce that there exists a finite set U of pairs ((7i,(T2) of words in 
E* computable in polynomial time such that \ai \ + m.Z = 1(72 1 + m.Z for 
any ((Ti,cr2) G and such that a subset X' C Z™ is in in C if and only 
if lr,m,<7i{^') = Ir^m.a-ii-^') ^^^^ (o'i,o'2) G U. Let US cousidcr the binary 
relation TZ over B defined by hiRh2 if and only if there exists (cti , (T2) G [/ such 
that ^r,rn,iyi (^1 + ^'^) ^ lr,m,a2 (^2 + M) ^ 0. The Symmetrical and transitive 
closure of TZ denoted by Ti' provides an equivalence relation of B. Let us 
consider the equivalence classes B[, B'f. of TZ' such that the last classes 
B'k ^'"^ equivalence classes such that i?^ + M is not in C. 
Let us prove that Bq — UiLn+i ^^'^ ^i' equal up to a 

permutation to B[, B'^,. Observe that Bi + M is in C for any i > 1. Thus 
for any (cti, (T2) G U, we have j'^^^^^Bi + M) = j~^ ,^^{Bi + M). In particular 
h\R,h2 implies that there exists i>Q such that 61,62 £ Bi. We have proved 
that for any equivalence class B' of 7^', there exists i such that B' C Bi. Note 
that if B' C Bq then B' + M is not in C by definition of Bq. Next, assume that 
B' C Bi with i > 1. Let us consider (cri,CT2) G U and let x G j~^ ,j^{B' + M). 
There exists 61 £ B' such that 7r,m,CTi(a;) G 61 + M. Since i?^ + M G C, we 
get + M) = -f~^^„^{B^ + M). As bi e B' C B„ we deduce that 

there exists 62 G Bi such that 7r,m,CT2 

(x) e 62 + A^- Thus 7rTrn,^i(&l + H 

lr,m ^2(^2 + M) ^ and we have proved that b{Rh2- Since 61 e B' we get 
62 G B' and we have proved that 7.":;L,.^smal (5' + ^i) ^ 7^;™,.^ + A^)- By 
symmetry, we get the equality 7^m,CTiC^' + A/) = lr)n,cj2^^' + -^)- ^® have 
proved that B' + M G 6. Since B' is non empty and included in Bi, we deduce 
that B' = Bi. We have proved that Bq ~ Ui=n+i B[ and Bi, Bn are equal 
up to a permutation to _BJ^, B'^,. 

Therefore, it is sufficient to prove that we can decide in polynomial time 
if 'yr.m,ai i^i + M) D ^r,L,cr2 (^2 + M) ^ for any 61, 62 G B, and we can decide 
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in polynomial time if B' + A/ e 6 for any B' C B. Proposition 19.181 prove 
that for any word <t and for any finite subset B' C Z™, we can compute in 
polynomial time a finite subset B„ C Z™ and a vector lattice such that 
l-Bal < \B'\ and -y'^^^iB' + M) = B„ + M^. Therefore, it is sufficient to 
prove that given two vector lattices Mi and M2, two finite subsets Bi and 
B2 of Z™, and two vectors bi and B2 in Z™, we can decide in polynomial 
time if bi + Afi n 62 + M2 ^ and we can decide in polynomial time if 
{Bi + Ml) = {B2 + M2)- From corollaries 18. 161 and 19. 16( we are done. □ 

13.3 Terminal components 

A terminal component T of a FDVA A = {qo,G,Fo) is a component of G 
satisfying: 

• T is reachable (for [G]) from the initial state Qq, 

• there exists a state q €T such that [^oK?) ^^id 

• any state q' reachable (for [G]) from T such that [Fo]((7') 7^ is in T. 

The set of terminal components of a FDVA A is denoted by Ta . 

Observe that Vc{T) is defined for any terminal component T since the 
following proposition 1 1 3 . 13l show that such a T is untransient. 

Proposition 13.13. A terminal component is untransient. 

Proof. Let T be a terminal component of a FDVA A. Consider a state q G T 
such that [^oK?) 7^ 0i and let s G [Fo]((7). Since Fq is saturated for G and s £ 
[Fo]((;) we deduce that s e [Fo]{S{q, s")) for any n e N. As T is terminal, we 
have S{qo, s") G T. Moreover, as Q is finite, there exits n G N and d G N\{0} 
such that S{qo,s"^'^) ~ 6{qa,s"). We have proved that there exists a loop of 
the state q' = S{q, s"). From q' G T we deduce that T is untransient. □ 

The terminal components have a lot of applications in the sequel. In this 
section we show that saS{Xq) = aaiq) + Vg{T) and we provide a geometrical 
characterization of the sets Xq. 

Lemma 13.14 (Destruction lemma). Let a G be a non-empty word 

and let A be an affine space. There exists fco G N sucfi that 7^^^ (^™ CiA) = 
if and only if ^r^,„(cr) <^ A or Z" n A = 0. 

Proof. We can assume without loss of generality that Z™nA ^ 0. In particular 
A is a vector space (because A is non empty) and there exists a finite set 

D C Z^Vleo,™} such that ~A = {x G Q™; A„gd ("-a;) = 0}. 

Assume first that ^r,m(o') G A. The set Z™ n A is equal to {x G 
Aa6i3("'^-C™('^)) = 0}. Remark that 7™,.(Z"' n A) ^ {x e 
AaGZJ (a>7r,m,a(x) - ^r,m{<j)) = 0} = Z™nA. In particular 7-;^^^,(Z'"n 
A) 7^ for any fc G N. 
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Next, assume that j'^^ ^^{Z"' n A) 7^ for any fc e N. As Z'" n A 7^ 0, 
there exists a G A. For any fc e N, we have: 



7-1 ,(Z"n^) 




Let us consider A: e N enough larger such that Krl*^''" — 1). ° |!^'|'^ | < 1 
for any a G D. As 7"^ fc(Z'" n A) 7^ 0, there exists X in this set. From 

(a, (rl-l™ - l).x + 7r,™.a(eo,™)) e Z, we deduce that (rl-l- - l). ^"';;^^"" 
is in the set {c € Z; |c| < 1} = {0}. Therefore {a, a — ^r,m{o')) = for any 
a G D. That means £,r.,n{'^) ^ A. □ 

Proposition 13.15. Let A = ((jo,G, i^o) by a FDVA that represents a set 
X , let Y be an s-eye of a FDVG G and let T he a terminal component that 
contains ker,(r). We have saff (X^^'"' (G)) = aclg) + Vg(T) for any principal 
state q G T. 

Proof. Let us denote by Zq the set Zq = {^r.miw); q ^ q}. Recall that 
saff(Z,) = aciq) + VciT). 

Let us first prove that saS{Zq) C safF(X^°'^). Consider a vector x £ 
Zq. There exists a loop q q with w £ such that x — (,r,mi'w). Let 

q' £ kers(y). As q and q' are in the same component, there exists a path 
q q' with cr £ Sr,m- Remark that Pr_m{w^ -^^ s) £ Xq for any fc £ N. By 
developing pr,m{w'' .a, s), we get pr,m{w'' .a, s) = r''-!"'!" .(pr^mCc, s) ~ x) + x. 
From covering lemma WM we get Q.(pr,m(o', s) — x) + x C safr(X5''^'^). In 
particular x £ saff(X^°'^) and we get Zq C saff(X^''^). By minimahty of the 
semi-afhne full, we deduce the inclusion saff(Zg) C saff (AT^^"''). 

For the converse inclusion, let us consider a vector x £ Xq"'^ . There exists 
a (r, m)-decomposition (cr, s) of x such that 6{q, a) £ Y. By replacing a by 
a word in cr.s*, we can assume that q' — S{q,a) is in kers(K). In particular, 
there exists ni £ N\{0} such that = 9'- Proposition 113.21 shows 

that rr^„i,w{^r,m{s"^)) £ saff (^^,^,9) . Remark that Cr,m(s"0 = j^, and we 
deduce that x — Pr,m{w, s) £ saff(Zq). We have proved the inclusion Xq"'^ C 
saff(Zg). By minimality of the semi-affine hull, we deduce the other inclusion 
safr(xf='^) C safr(Z,). □ 
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The following proposition shows that for any state g in a terminal compo- 
nent of a FDVA that represents a set X, the semi-afBne space saS{Xq) can 
be easily computed thanks to aQ{q) and Vg{T). 

Proposition 13.16. Let X he a set represented by a FDVA A and let T he a 

terminal component. We have saff(Xq) = aQ{q) + Vg{T) for any state q G T. 

Proof. Let us consider the class Gt of couple (s, Y) e Sr,m x 'PiQ) such that 

Y is an s-eye satisfying kers(y) C T and Fg^y ^ ^o- As T is terminal, this 
class is non-empty. Proposition 1 1 3 . 1 5l shows that saff(X^°'^) = aG{q)+VG{T) 
for any (s, Y) £ Ct- Let F = IJ^^ Y)eeT ^s,y- As g G T and T is terminal, we 
deduce that Xq = X^ = IJ^^ Y)eeT -^q"'^ ■ From covering lemma we get 
saSiXg) = aG{q) + VG{T). □ 

Remark that by definition of boundy(X), there exists a unique semi-V^- 
pattern P £ J'y(X) such that [C\/,#]^ Cy,p(X) for any sequence # £ 
->|bound^(x) g^(,j^ ^j^j^^ [Cv,#]yV Mv- Let X bc a Presburger-definable 

set, let V be an affine component of safF(A"), and let P e J'y(X) be a semi- 
F-pattern. We denote by Sv,p{X) the set of sequences # e {<, >}boundv(x) 
such that [Cy,#]^ ey,p(X). 

The following theorem provides a geometrical form of the set Xq when q 
is a state in a terminal component of a FDVA that represents a Presburger- 
definable set X. 

Theorem 13.17. Let X be a Pre.shurger- definable set represented by a FDVA 
A and let V be an affine component of saS{X). For any state q in a terminal 
component T such that VG'(r) is equal to V , there exists a vector aq G Q™ 
such that we have: 

^9= U U n (a, + + F^)) 

Pe9v{x) #eSv.p{x) 

such that for any j G {1, . . . , m}, we have —l<aq[j]<OifV'Z ej~^^ and we 
have — 1 < aq[j] < otherwise. 

Proof. Let us first prove that there exists a loop q -—^ q such that Wj 

{Er^m n e^^)* for any j G {1, . . . , m} satisfying V % ef^^. As safr(Xq) = V, 
from proposition 114.11] we deduce that there exists P G J'y(X) such that 
Pq ^ ^. Let us consider a vector x £ Pq. V % ^frm there exists a vector 

V £ V such that v[i] ^ and by replacing ?; by a vector in (Z\{0}).w, we 
have proved that there exists a vector v G invy(Pg) such that v[j] > 0. In 
particular x + Z.v C Pq. As v[j] > 0, there exists fc G N enough larger such 
that {x + k.v)[j] > 0. Let us consider a (r, m)-decomposition (cr, s) oi x + k.n.v. 
Naturally, as (x + k.n.v)[j] > 0, we have a ^ {I^r.m H e^m)*- Moreover, as 
Pr,m{<^,s) G Pq, wc get Pq' ^ whcrc q' — S{q,(T). Proposition 114.111 shows 
that Xqi / 0. As T is terminal, we have proved that q' G T. Hence, there 
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exists a path q' q. Remark that the loop q — ^ q where wj — a. a' satisfies 

Let us consider the sequence {Cv,p)p^'j>v(x) of ^-polyhedrons defined 
by Cv,p = {J#esv,p{x)^v,#- Remark that ev,p{X) = [Cv,p]^ for any 
P e yv{X). Hence, the set Z = XA{\Jp^y^^^^ U#e5v,^.(x)(^'?n(a, + Cv,# + 

V'^))) is such that [Z]^ — [0]^. Let us consider a path qo ^ q with q in a 
terminal component T such that Vg(T) = V. Thanks to the first paragraph, 
we can assume without loss of generality that ct ^ {Sr^m H efm)* ^^^r any 
j e {l,...,m} satisfying V % ej;„. As ^(X,) = V, and [7-i,.(^F = 
7^m,(7([0]^) = we deduce that Xq is not included in safF(7-^^(Z)). 

Hence, there exists a (r, m)-decomposition {wi,s) G p~l^{Xq) such that 
Pr.mCw'ii'S) ^ saff (7~^j ^(Z)). Destruction lemma [13.14I shows that by re- 
placing wi by a word in wi.s*, we can assume that Jr.m a.wii^) ~ ^- Let 
q' = 5{q,wi). As s e ^0(9') and T is terminal, we deduce that q' G T. As g 
and q' are in the strongly connected component T, there exists a path g' q. 
Let w = u;i.u;2 and let a, = -T^J^ ,^^(eo,m). As cr ^ (^r,m n e^„)* for any 
j G {!,..., to} satisfying V % ^f,rm deduce that for any j G {!,..., m}, 
we have —1 < aq[j] < if V C ej^^ and we have — 1 < aq[j] < other- 
wise. Remark that for any F-hyperplane H such that H = H and for any 
# e {<,<,=,>,>}, we have P-^aAH* + V^) = aq + H* + V^. As 

Ir.L^.raiZ) = then Xq = Upen.(x) U^eSv Ax)iPi ^ K + ^v,* + V^))- 
□ 
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Extracting Geometrical Properties 



14.1 Semi-afRne hull direction of a Presburger-definable 
FDVA 

In this section we prove that the semi-affine hull direction saS{X) of a 
Presburger-definable set X represented by a FDVA is computable in poly- 
nomial time. 

This computation cannot be extended to saS{X). In fact, as shown by the 
following lemma fT4. 11 the size of saff (X) can be exponentially larger than the 
size of a FDVA representing X. 

Lemma 14.1. There exist Q!,/3 G Q+\{0}, a sequence (j^n)neN of FDVA that 
represents a sequence {Xn)neti of Presburger-definable sets in basis r, such 
that hm„_+oo size(yi„) = -|-cxd and size(saff (Xn)) > a.2^-^^^°'^'^"\ 

Proof. Consider the finite set Xn = {0,...,r" — 1}™. Remark that Xn is 
Presburger-definable and the FDVA Ar,i{Xn) that represents Xn has n + 2 
principal states. Moreover, as comp(saff (X„)) = {{x}; x E Xn}, we deduce 
that size(saff(A:„)) r". □ 

Remark 14-2. The semi-affine hull of a set X represented by a FDVA {X is 
not necessarily Presburger-definable) can be computed in exponential time 
thanks to the algorithm provided in |Ler03| . This result is not used in this 
paper. 

Our computation of safF(Ar) is based on the following lemma fl4.3l that 
shows that an under-approximation of saff(A') can be easily computed from 
a FDVA that represents a set X. In this section, we prove that this under- 
approximation is exact if X is Presburger-definable. 

Lemma 14.3. Let X be a set represented by a FDVA. We have UreTy, ^g{T) C 
saff(A:). 
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Proof. Let us consider a FDVA A that represents a set X. Let us consider 
a terminal component T G Ta and let us prove that Vg{T) C saff(X). Let 
us consider q G T. As T is reachable (for [G]) from the initial state, there 

exists a path qo '■ — > q. We have = j^J^^^{X) C /^^^^^(X). Covering 

lemma [9791 shows that safF(A"g) C saS{X). Moreover, as g G T, proposition 
nXTBl shows that saS{Xq) = VG(r). Therefore Vg{T) C saif(X) and we have 
proved the inclusion IJ^^eTyi ^g(T) C saff(X). □ 

Proposition 14.4. Let AT fee a Presburger- definable set represented by a 
FDVA A and let V be an affine component of saff(A'). For any principal 
state q reachable for [G], there exists P G CP\/(A') such that Pq ^ $ if and only 
if there exists a terminal component T G T/i reachable from q for [G] such 
that VciT) = V. 

Proof. Assume first that there exists a terminal component T G 7a reach- 
able from q for [G] such that Vg{T) — V and let us prove that there 
exists P G CP\/(Ar) such that Pg 0. There exists q' E T and a path 

q ^ — > q' . From theorem 113. 17| since Xq' ^ 9, we deduce that there 

exists P G fviX) such that Pq, ^ 0. As P,- = Ir^A^i^ Set Pq ^ 9 
and we have proved that there exists P G such that Pq ^ 0. Let 

us prove the converse. Assume that there exists P G VviX) such that 
Pq ^ % and let us prove that there exists a terminal component T G Ta 
reachable from q for \G] such that Vg(T) = V. Since q is reachable for 
[G] from the initial state, there exists a path go <?• Let us consider a 
sequence {Cv,p)p^9v{x) of V-polyhedrons such that Cv.p G tv.p{X). Let 
us consider Z = A:Z\ UpeT^(x) n {Cv,p + V^)). We have [Z]^ = [0]^. 
That means V is not included in saff(Z). Let Z' = j^T^^ ^.^JZ). From cov- 
ering lemma 19. 9( we deduce that V is not included in saff(Z'). Observe 
that if there exists P G TviX) such that Pq ^ empty set then from Z' = 

XqA Upey^^(x) (^9 (^KP + we deduce that V is included in saff (Xg). 

Thus, there exists a (r, TO)-decomposition (cr, s) such that Pr,'m{<^, s) G and 
Pr,m{<^, s) ^ saff(Z'). Destruction lemma fT3 . 141 proves that by replacing cr by a 
word in a.s*, we can assume that ai^') = ^- Let g' = d{q, a) and remark 
that Xq, = Upeyv(x)(-P9' ^ irvXmJCv,p) + V^)). As p.,™(e,s) G Xq then 
s G Fo{q'). So there exists a terminal component T reachable (for [G]) from 

g'. Let g" G T. There exists a path g' ^ g" such that g" G T. We have 

^9" = [JpeTv(X)iP'," n (^i^',™,..™(C^y,p) + V^^))- As Xq„ / 0, there exists 
P G J'y(X) such that Pqi' ^ 0. In particular Pqii is a non-empty semi-F- 
pattern. As Gv,p is non-V^-degenerate and [Cv,p]v — [rY,l,m.a.wi^v.p)W , we 
deduce that Fyl ^ ^ „,(Cy,p) is non-F-degenerate. Lemma [12.21 proves that F 

is included in ^{Pq„ n (-Ty^ (Cy,p) + y-^)). Therefore C ^{Xq„). 
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Moreover, as safF(Pg/') C V for any P G J'y(X), we deduce that saS{Xqii) — 

V. As q" e T, recall that Vg{T) = sa.S{Xq"). Therefore, we have proved that 
there exists a terminal component T such that Vg{T) ~ V. □ 

From the previous proposition 114.41 we deduce that saS{X) can be easily 
computed in polynomial time from the sequence of vector spaces associated 
to the terminal components. 

Proposition 14.5. For any Presburger-definable set X represented by a FDVA 
A, we have: 

^{x)= y vg{t) 

Proof. Lemma [14.31 shows that UreTy, ^g(^) — saff(A'). Now, let us prove 

the converse inclusion. Let V be an affine component of saff(A"). Proposition 
114.41 shows that there exists a terminal component T such that Vg{T) = 
V. Therefore V C {jj^^j, Vg{T). We deduce the other inclusion saff(X) C 

Ut6T.^g(T). □ 

From theorem 113.41 and the previous proposition 114. 5i we get one of the 

main powerful theorem of this paper. 

Theorem 14.6. The semi-affine hull direction of a Presburger-definable set 
represented by a FDVA is computable in polynomial time. 



14.1.1 An example 

Let us consider the set X — Xi UX2 where Xi = {x E N^; x[l] — 2.x[2]} and 
X2 — {x £ N^; x[2] = 2.a;[l]}. Naturally, the semi-vector space saff(A"i) is 
equal to the vector space Vi = {x £ Q^; a;[l] = 2.a;[2]} and symmetrically the 
semi-vector space saff(X2) is equal to the vector space V2 — {x £ Q^; x[2] = 
2.a;[l]}. As saff(X) has two affine components Vi and V2, from proposition 
114.51 "we deduce that whatever the FDVA A that represents X we consider, 
for any terminal terminal components T, we have Vg{T) C Vi or Vg{T) C V2 
(remark that we have implicitly used the insecable lemma . Moreover, we 
also deduce that there exists at least one terminal component Ti such that 
Vg{Ti) = Vi and at least one terminal component T2 such that Vg(T2) = V2. 

This property can be verified in practice. Figure fT4. II represents the min- 
imal FDVA ^12,2(^1 U X2) where X[ = {x G N; x[l] = 2.x[2] + 1} and 
X!^ = {x e N; 'x[2] = 2.x[l] -\- 1}. Remark that this FDVA has 2 terminal 
components Ti and T2 defined by Ti = {Ai, A( } and T2 = {A2, A^}. We have 
Fg(Ti) - S(Ai) = S(A{) = Vi and Vg{T2) = S(A2) = ^{X^) = V2. 
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(0.0) (0,0) 




(0,0) (0,0) 



Fig. 14.1. The FDVA A^^iiXx U Xa) 



14.2 Polynomial time invariant computation 

Let X be a Presburger-definable set and V be an affine component of safF(X). 
The F- vector lattice invy(X) of invariants of X is defined by the following 
equality: 

invy(X) = Pi invv'(P) 

In this section we prove that the vector lattice of invariants invv'(X) is 
computable in polynomial time from a cyclic FDVA A that represents X in 
basis r. We also prove that |Z™ n F/invy(X)| is bounded by the number of 
principal states of A. 

Recall that corollarv 113.101 proves that any P e CPy(X) is relatively prime 
with r and included in the V-affine space Ci-,m(s) + This F-afline space will 
be useful in the sequel. Our algorithm is based on the following proposition 
114.81 and the remaining of this section is devoted to prove that all structures 
needed for applying this proposition are small and they can be computed 
efficiently. 

Lemma 14.7. Let A he a Y -affine space and s € Sr,m be a (r,m)-sign vector 
such that [Zr^ni.sr\A]^ 7^ [0]^- There exists a vector v £ V such that v[i] < if 
s[i] — r — 1 and v[i] > if s[i] = for any i E {1, . . . , m} such that ei^„i ^ . 
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Proof. Since yl is a t/-affine space, there exists a G A. We denote by #o the 
binary relation > and by the binary relation <, and we denote by / 

the set of i G {1, . . . ,m} such that ^ V-^. Remark that Zr^m,s Ci A — 
Z"* n ^ n (C + nv{a) + V^) where C is the F-polyhedron C = ClZ^ix e 
V; x\i]+a[i\#,[,]0}. As {a; £ V; x\i] + a\i]#s[{\0} ^ {xeV; (77v(e,,™), x) + 
a[i]#s[i]0}, we deduce that {a; e V; x[i] +a[i]#s[i]0} is either empty or equal 
to V for any i G {1, • • ■ ,m}\I. Moreover, as [Zr,m,s n A]^ ^ [0]^, we get 
{a; e V; x[i] +a[i]#s[j]0} = V for any i e {I,. . . ,m}\I. Hence C = Hieii^ ^ 
V; (i7y(e,,™),x) + a[z]#,[,]0}. As [Z'" n A n (C + 77v(a) + F^)]" ^ [0]^, 
lemma 112.21 shows that [C] ^ ^ ■ From lemma 111.61 we deduce that there 
exists a vector v such that t;[i] > if = and < if s[i] = r — 1 
for any i £ /. □ 

Proposition 14.8. Let X be a {r,m,w)- cyclic Presburger- definable set and 
let V be an affine component o/saff(A'). Assume that we have: 

• A (r, m)-sign vector s £ Sr,m such that \Zr.m,s H {£,r,m{s) + V)]^ ^ [0]^; 

• A couple {qo,G) such that qo is a principal state of a FDVG G such that 
<5(go,o'i) = 5{qQ,(J2) if and only if {-i-),^,^^{P))p^y^,^(x) = (7r^m,<T2 (^))peyv(X) 
for any cri,CT2 e S*.^, 

• The set Q' of principal states reachable for [G\ from qo such that (0)peTi,(x) 7^ 
(7,^m,CT(^))pea'v(x) if and only if q' e Q' for any path qo ^ q' with 

• An integer no G N\{0} relatively prime with r such that C\V / invy {X)\ 
divides no, 

• An integer n G N\{0} such that r" G 1 + no.Z. 

We denote by U the set of pairs u — {k,Z) G K y. 'L/mn.'L such that 
there exists a pair of words (umo'^) in S* satisfying \gu-o'u\ G m.n.Z, 
{k,Z) — ((5((7o, Cti), |(T„| + m.n.Z) and there exists an s-eye Y' such that 
d{k,a'^) G kers(F') C Q' . Given a sequence {au,a[Jueu satisfying the pre- 
vious conditions and such that ctj^q „j „ z) = e, the vector lattice of invariants 
invv{X) is equal to the vector lattice generated by no.Z™ H V and the vectors 
Pr,Tn{(^ui-b.a'^^,s) - Pr,m(o-«2-0'u2'*) w/iere ui = {ki.Zi) e U, b e Sr and 
U2 = (^2, Z2) G U are such that (^2, Z2) = {S{ki, b), Zi + 1). 

Proof. Let us denote by A the T^-affine space A = £,r.m{w) + V. 

Since (5(go, 0-1 ) = (5(qo, ^2) if and only if (7-^^^^ (P))pgy^,(x) = {%^,a2iP))pe'Pv 
for any cri,a2 G S* for any principal state q reachable for [G] from qo, there 
exists a unique sequence denoted by {Pq)p£Tv{x) such that Pq = ^{P) 
for any P G CPy(A') and for any a G m such that q = d{qo,(j). 

We first prove that Pr,m{<^' , s) G A for any word (t' E U*^ such that there 
exists an s-eye Y' satisfying 6{qo,a') G kers(y) C Q' . As the principal state 
q' — 5{qo,cr') is in Q' , there exists P G such that Pqi ^ 0. As there 

s + 

exists a path q' — > q' since q' G kcrs(F')i '^^ get saff(Pq') — ^r,m{s) + V 
from lemma [9.201 Remark that Pqi = 7^,^„ a'i-^)- Thus, from covering lemma 
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19.91 we get ^r,m{s) + V C Fr^m,!!' (saff(-P)) in particular from saff (P) = A and 

{a',s) e A. 

Next, let us show that for any pair of integers 2:1,^2 G N such that Zi + 
m.n.Z = Z2 + m.n.Z and for any x £ Z™, we have x' = 7^ m.o(^) ~ 7r m o(^) ^ 
rio-Z™. Naturally, by symmetry, we can assume that zi < Z2 and by replacing 
^ by Jr^'m o(^) ^^'^ (-^1' ^2) by (0, Z2 — zi) we can assume that zi — 0. In this 
case z = is in N and x' = (r"-^ — Since r" — 1 divides r"-^ — 1 and 
no divides r" — 1, we have prove that x' £ no.Z™. 

Let us denote by M the vector lattice generated by ng-Z™ n V and the 
vectors pr,m{<Ju^.h.a'^^,s) - pr,m{ou^.a'^^,s) where ui = (fci, Zi) €U, b € Sr 
and -U2 = (^2, Z2) G C/ are such that (/c2, -^2) = fc), Zi + 1). 

We first prove the inclusion M C invv'(X). 

Let us show that pr,m{cr2,s) — Pr,mi<Ji,s) e invv(X) for any pair of 
words (cri,cr2) in (Z'"„J* such that there exists a principal state q' sat- 
isfying (5(qo,o'i) = q' — S{qo,(72) and there exists an s-eye Y' satisfying 
q' G kers(F') C Q'. The previous paragraphs shows that /Or,m(ci, s) and 
Pr,m(o'2,s) are both in A. Thus, from lemma [5.221 we get IrmaSP) = 
Cr,m(s) + P — Pr.mlCThs) for any i G {1,2} and for any P G In 
particular /3r,m(o'2, s) - /9r,m(a'i, s) G invy(X). 

We can now easily prove that M C invv(X) since no.Z™ n C invy(X) 
(recall that jZ™ n F/invy(X)| divides no) and from the previous paragraph 
we deduce that pr,m{(^u^-b.a'^^, s) ~ pr,m{(Ju.2-<^'u2^^) ^ invy(X) for any m = 
(fci, Zi) eU,be Sr and U2 = (fc2, Z2) G [/ such that (^2, Z2) = (S{ki,b),Zi + 
1). 

Next, let us prove the converse inclusion invy(X) C M. 

Let us show that Pr,m(o-2.Cr', s)-pj.,m(o'l-0'', s) G jOr,m(o-2.CT", s) -pr,m (cti .Cr" , 

M for any pair of words (ci, (T2) in 17* such that there exists u = {k, Z) G U 
satisfying {S{qo,ai),\ai\ + m.n.Z) = u = (<5(qo7 ^2)1 |o'2 1 + m.n.Z) and for 
any pair of words {a', a") in U* satisfying Z + \a'\ = m.n.Z = Z + 
\a"\ + m.n.Z and there exists two s-eyes Y' and Y" satisfying 6{k,a') G 
ker,(r') C Q' and S(k,a") G kers(r") C Q' . Let a;' = (/9r,m(o-2.cr', s) - 
pr,m{o'i.a' , s)) — {pr.rn{o'2-0'" , s) — p^.m (f 1 .(t" , s)) . This vcctor is in V since 

the vectors Pr,m(a'l.CT', s), Pr,m{cr2-Cr' , s), Pr^ra{ci.(T" ,S), and /Or,m(a'2.a'", s) 

are in the V^-affine space A from the previous paragraphs. Moreover, let 
us remark that x' = 7r.mo(^) ~ lr!m ai^) where zi = \ai\, Z2 — \cr2\ and 
X = Pr,m(o'',s) — Pr,m{cF" , s). Thus, from the previous paragraphs, we get 
X G no.Z™ and we have proved that x' G no.Z™ n C A/. 

Let us show that /9r,m(c2,s) — Pr,m(<7i,s) G M for any pair of words 
(o'i,o'2) in (Z""^)* such that there a principal state q' satisfying 5{qQ,ai) — 
q' — S{qo, 0-2) and there exists an s-eyes Y' satisfying q' G kers(y) C Q'. Since 
M is a vector lattice, it is sufficient to prove that pr^m{<^, s) — Pr,mi<^m s) G M 
for any word a G (Z'"^)* such that u — {5 {qo^ a), m.n.Z) is in U. Let us 
consider a sequence &i, bi of r-digits bj G Sr such that a = bi . . .bi. We 
denote by Ui the couple Ui — {d{qo,bi . . . bj),j + m.n.Z). Since Ui = u is in U, 
we deduce that uj G U for any k G {0, . . . By definition of M, we have 
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Pr,m{'^uj-i-bj.(j'^^,s)- pr^m{cruj-cr'uj+i^s) E M for any j £ {1, . . From the 
previous paragraph, we get Pr,m(o-«j_i -bj . . . 6.^, s) - Pr,m{o-uj -bj+i • . . 6*, «) e 
M for any j G {l,...,i}. By summing all the vectors, we deduce that 
pr,m{o'ua-bi ■ ■ - hi) ^ Pr.'m{<^ui ) G M . Now, just remark that a^a = e and Ui = u. 

Let us consider v G invy(X) and let us prove that v e M. Lemma [14.71 
shows that there exists a vector vq gV such that wo[i] < if s[i] = r — 1 and 
vo[i] > if s[i] = for any i £ {1, . . . , m} such that ei_„i ^ V^^. By replacing 
i;o by a vector in (N\{0}).'i;o, we can assume that vq e invy(X), i'o[i]+w[i] < 
if s[i] = r — 1 and vo[i] + v[i] > if s[i] = for any i £ {1, . . . , m} such that 
ei,m V^. Since [Zr,m,s r\ A]^ ^ [0]^, there exists a vector a e Zr,„i,s H ^. 
Let ai = a + vo and let 02 = a + + f . Remark that ai, a2 G Zr.m,s since for 
any i S {1, . . . , to}, if ^ y-*- then ai [i] = a[i] +vo[i], 02 [j] — a[i] +vo[i] +v[i] 
and if e V^-'- then ai[i] = a[i], a2[i] = a[i]. As ai,a2 G Zr^n.s, there exist 
(Ti, (72 e 17* „j such that ai = Pr^micri, s) and 02 = Pr,m{(^2, s). By replacing cti 
by a word in cti.s* and (T2 by a word in a2.s* we can also assume that |(Ti | and 
|cr2| are in m.n.Z. Let P G J'y(X). Since pr,m (crj,s) G Aandrl'^'l" G l + |Z™n 
y/invy(F)|.Z, lemma |9J2] proves that 7,^m,CT,(-P) = fr,m(s) + P- PrM'^i' 
for any i G {1,2}. As Pr,m(c2,s) — /9r,m(o'i,s) = uq G invy(X), we deduce 
that 7^m,(Ti(-P) = 7r^m,(T2(-^) ^"^^ ^ Therefore there exists a 

state q' G Q' such that 6{qo, (Ji) = q' = (5(qo, 0-2). Let us consider the s-eye Y' 
that contains q' . Since 7~^_o.i.s" (^) — £,r,mis) + P — Pr,mio'i-s"' , s) from lemma 
122 we deduce that (7r";m,ai.s"(-P))peT^(x) (7™,^! (-P))peyv(x)- We have 
proved that 5{q',s^'') = q' and in particular q' G kers(y). By considering 
P G J'y(X)\{0} let us remark that -fr^^^iP) = Cr,m(s) + P- Pr,U^^,s) 
is not empty. That means q' G Q'. Moreover, as for any q" G kers(F') there 

exists a path q" ^ g' and Pq' 7^ we get 7^ 0. Thus ker^(y') C Q'. 
From the previous paragraph, we get Pr,mi<^2, s) — yOr,m(ci, s) G M. Now, just 
remark that Pr,m{<^2, s) — Pr,mi'^i, s) = v and we have proved that v G M. □ 

The following proposition 114.91 provides a simple algorithm for computing 
in polynomial time a (r, m)-sign vector s G S'r.m such that [Zr^m.s^{^r,m{w) + 
V)]'^ 7^ [0]^ from a FDVA that represents a (r, to, w)-cyclic Presburger defin- 
able set X in basis r. 

Proposition 14.9. Let X C Z™ be a {r,m,w)- cyclic Presburger- definable set 
represented by a FDVA A in basis r, and let V be an affine component of 
saff(A'). We have [Zr^m.s H (Cr.m(w) + V)]^ ^ [0]^ for any {r,m)-sign vector 
s G Sr,m such that s G [-Fb]((j') where q is a principal state in a terminal 
component T such that Vg{T) = V . 

Proof. Let us consider a terminal component T of ^1, a principal state q & T 
and a (r, m)-sign vector s G [Fo]((;). Let Y be the s-eye that contains q. 
As T is terminal we deduce that kers(y) C T. From proposition 1 1 3 . 1 51 we 
deduce that saff(xf= '') = aq{G) + Vg(T). From Xq"'^ C Zr,rn,s n Xq, we 
deduce that V C safF(Zr.m,s H Xq). As q is reachable, there exists a path 
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qo ^ q and we get Xg = 7r,m,«,(^)- As 7r,m,«,(^r,m,s n X) = Z^^m^s n Xq, 
we have proved that V C saff (Zr^m.s H X) thanks to the covering lemma 
19.91 Let A be an affine component of sa.S{Zr,m.s H X) such that V C A. 
From 1^ C A C saff(X) and as V is an affine component of saff(X), we 
deduce that V = A. Moreover, as Zr,m,s n X is (r, m, w)-cyclic we deduce 
that £,r,m{w) e A. Hence A = ^r,m(w) + V. From the dense component lemma 
112.11 we get saff(Zr.,n,s D X D A) = A. In particular A C saff (Z^^m.s H A) and 
we have proved that [Zr,„i,s H {£,„n{w) + F)]^ 7^ [0]^. □ 

A couple {qo,G) and a set Q' satisfying proposition 114.81 is obtained by 
a quotient of a FDVA A that represents X in basis r by the equivalence 
relation defined over the principal states of A by qi q2 if and only 
if Xq^ ^92]^- Remark that ~^ is a polynomial time equivalence relation 
since qi q2 if and only V is not included in sa.S{Xq^AXq2), and this 
last condition can be decided in polynomial because a FDVA that represents 
the Presburger-definable set Xq-^AXq^ is computable in quadratic time and 
the semi-affine hull direction of this set is computable in polynomial time 
thanks to theorem 114.61 The following propositions 114.101 and 114.111 provides 
immediately the following corollarv ll4.12l 

Proposition 14.10. Let X be a Presburger-definable set and let V be an 

affine component of saS(X). Given a pair (cri,cr2) of words in Sr,mj ''^^ 
have the equality {'yr.^^a^{P))peVv(x) = (7,^m,a2 (-P))j^e5'v(x) if and only if 
{X) 7; {X). 

Proof. Consider a pair {ai,(T2) of words in From lemma [13.81 we de- 

duce that [^-lA^W = Upey,,(x)([7.:i,..(^)]'' {'^vAX) + V^)) for 
any i e {1,2}. As {Qv.p{X))p^y^,(x) is a polyhedral F-partition, we get 

V^)). Remark that if (7™,o-i (^))peyv(x) = {lr}a,a2{P))pe-3>v(X) then we 
have [l-l,.M)^lr,L..iP)V = and conversely if [7-1,,^, (X)zi7-^^,^(X)]^ = 
[0]^, by intersecting the following equahty by Cyp(A') + V^, we get [0]^ — 

V 

[7-^„,,^(x)z\7-i,,,^(x)]^ = y ([7-i,,,^(p)z\r-„\,,jp)]^n^(ev.p(x)+y^)) 

From lemma [mi we get 7-^^^ (P)Z\7-^^,^ (P) = 0. □ 

Proposition 14.11. Let X be a Presburger-definable set and V be an affine 
component o/saff(X). Given a wordcr G we have ijr,m,<TiP)) p&'Pv {X) = 

i^)p£-Pv{x) if and only if j-^ ,^{X) 0. 
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Proof. From lemmaHSJwe deduce that h-},,jX)]'' = [jpeT^ix)ihr.LAP)] 
(evA^) + V^))- Remark that if (7.;i,.(^))pGyv(x) = (0)pea'v(x) then 
brXAXT = [0]^ and conversely if b-^AXT = , by intersecting 
the equality b-^jX)]^ = [fp^9yix)ibrXAP)V (GvAX) + V^)) by 
ev,p{X) + V^, we get [0]^ = [-f-^ ^(P)]^ (ey.p(X) + y-^). From lemma 
[HJwe get 7-^^,(P) - 0. □ 

Corollary 14.12. Let X be a {r,m,w)- cyclic Presburger- definable set rep- 
resented by a FDVA A in basis r, and let V be an affine component of 
saff(X). We can compute in polynomial time a couple {qo,G) such that Qq 
is a principal state of a FDVG G such that 5{q^,(Ji) = 5{qQ,(j2) if and only 
«/(7rTm,^i(^))pea'v(x) = {lr.}n,a^{P))pe-3'v(X) foT any 01,02 e S*^„„ and we 
can compute in polynomial time the set Q' of principal states reachable for [G\ 
from (Jo such that (7™,^(^'))pe3'v(X) ^ {^)p(iVv{x) if and only if q' S Q' for 
any path qo ^ q' with a G ^r.m ■ 

Let us consider a (r, m, w)-cyclic Presbm'ger definable set X represented 
by a FDVA A in basis r. The following proposition ! 1 4 . 1 3l provides an algorithm 
for computing in polynomial time an integer ni G {1, . . . , \A\} such that there 
exists zq G N\{0} satisfying ni — zo.\Z"^ n V/'mvv{X)\. Naturally the integer 
rii is not necessary relatively prime with r. However, let us remark that uq = 

{ni ) is also computable in polynomial time (by an Euclid's algorithm) and 
it is also in {l,...,ni} C {1, . . . , |yi|}. Moreover, as invv(X) is relatively 
prime with r (recall that X is cyclic), we deduce that jZ™ n V/mvv{X)\ 
divides hq. That means we have provided a polynomial time algorithm for 
computing an integer uq G {1, . . . , |yi|} that satisfies proposition 114.81 Now 
let us remark that an integer n G {1, . . . ,no} satisfying proposition 114.81 can 
be easily computed in polynomial time. In fact, since no is relatively prime 
with r, there exists an integer n G {1, . . . , no} such that r" G 1 + riQ-Z. By 
enumerating the integers in {1, . . . , no} we compute in polynomial an integer 
n satisfying proposition 114.81 

Proposition 14.13. Let X be a cyclic Presburger- definable set and let V be 

an affine component o/saff(X). There exists an integer zq G N\{0} such that 
for any (qo,G) and Q' satisfying the same conditions as the one provided in 
proposition \14-8\ and for any (r,m)-sign vector s G Sr.m satisfying [Zr^m,s H 
i^r,m{w) + V)]'^ ^ [0]^7 we have the following equality: 

|Z™ n V/invv{X)\ = -{ V I ker,(y)|) 

Y s-eye of [G] 
kcr^(y)CQ' 

Proof. Let us recall that A is the F-afiine space A = £,r,m{w) + V. As 
[JpeTvix) ^' is a non empty set included in Z™ n A, there exists a vector 
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Oq in DA. As r and |Z™ nF/invy(X)| are relatively prime, there exists an 
integer zi € N\{0} such that r^^ G 1 + |Z™ny/invy(X)|.N. As P-oo is a rel- 
atively prime semi-TZ-pattern included in V and pr^mXe^'-^, eQ „i) — Gq,™ G V, 
lemma [nHH proves that "fr,m,eo ^ «o) ^ P - ao for any P e In 
particular, there exists a minimal integer zq in N\{0} such that there exists 
a vector vq G Z"* n y satisfying 7^m,eom(-^ ~ '^o) ~ -P — oo + t^o for any 
P S Let us denote by / the set of indexes i G {1, . . . ,m} such that 

BLm ^ V^. Let us consider s G Sr,m such that [A n {^r,m{w) + V)]^ ^ [0]^. 
Let Qs be the union of the s-kernel kers(y) where Y is an s-eye of G such 
that kers{Y) C Q' . 

We are going to prove that there exists a one-to-one function from Qs 
to {0, . . . , zo — 1} X i?o by remarking that for any z, z' G {0, . . . , zq — 1} 
and for any v, v' G Bo such that (^r,m(s) -I- 7^m,eo,„ (-P - ao + w))peyv(x) a-^d 

(Cr,m(s)-l-7;;™^eo,,„(^^«o + i''))pea'v(^) ^-^^ cqual, we have v = v' and z = z'. 
Thanks to this one-to-one function we will obtain \Qs\ = zo.|Z™ ny/invy (X) 
and concluded the proof of the proposition. 

Let us prove that for any state q € Qs, there exists z G {0, . . . , zq — 1} and 
V G Bo such that Pq = Cr,m(s) -t- 7,^m,eo,„ (-f - ao + v) for any P G J'y(X). 
Let Y be the s-eye such that q G kers(F) C Q'. As g is reachable, there 
exists a path of the form qo ^ q. As q £ kers(F), there exists n G N\{0} 

such that q q. By replacing n by an integer enough larger in n.(N\{0}), 
we can assume that there exists a, /3 G N and z G {0, . . . , Zq — 1} such that 
n = a + z + p.zo and \a\m + a £ zi.N. Let q' — S{q, s"). As {9)pe9v{x) is 
not in kers{Y), we deduce that there exists P G VviX) such that Pq' ^ 0. 
Moreover, as Pq' is (r, m, s")-cyclic and non-empty, from destruction lemma 
113.141 we get ^r,m(s) G saff(P5'). From Pq' = "fr,m,a.s''{P)y covering lemma 
19.91 proves that saff(P,/) C r^7,J^ ,,^„(saff(P)) and P C A, we deduce that 
&,mis) G P~^^^a(A). Therefore pr,m{<y-s°' , s) G A. Moreover as \a.s"\m S 
1 -|- zi.N, we deduce from lemma 11221 that Pq' — ^r,m{s) + P — Pr,m{<^, s). Let 
v' = ao — Pr,m{<7, s). As ao and Pr,mio', s) are both in A, we deduce that v' G 
Z™nV^. Remark that Pq = ^r,m^^'^°' {^r,mis)+P—ao+v') and wc have proved 

that Pq — ^r,m(s)+7r^m,e^^°^(P — flo + t^') for any P G TviX). Let us consider 
an integer u G N such that u.r G 1 + jZ™ n V/mvv{X)\.N. An immediate 
induction over /3 G N provides Jr,m% ~ + v') = P — ao + v where v is 
the vector in Bo satisfying v G u^-^° .v' + ^ . . . u^-^oyy^ _|_ invy(X). 

Hence Pq = f,,™(s) + I'^^^^^ JP ~a + v) for any P G 7v{X). 

Now, let us prove that for any z G {0, . . . , zq — 1} and any v £ Bo, there 
exists a state q £ Qs such that Pq = ^r,m{s) + lr,m,eo ~ + ^) for any 
P G TviX). From lemma [14.71 we deduce that there exists a vector vo £ V 
such that vo[i] < if s[i] = r — 1 and vo[i] > if s[i] = for any i £ I. 
By replacing vo by a vector in (NyjOD.wo, we can assume that vo £ invy(X) 
and {a — V + vo)[i] > if s[i] = and {a — v + vo)[i] < if s[i] = r — 1 
for any i G /. As [Zr,m,s Ci A]^ ^ [0]^, there exists a vector a in Zr^m,s n A. 
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Remark that for any i e {1, • ■ ■ tTti}, if i G / the sign of (ag — v + VQ)[i] 
is s[i] and if i ^ /, as „i e we have (oq — f + ■i'o)[*] = floM = 
and form a £ Zj.^m,s, we also deduce that the sign of (oq — w + wo)[*] is 
s[i]. Hence a — v + vq G Zr^m,s- That implies there exists a word a € 
such that pr^mic, s) = a — V + vo- By replacing ct by a word in a.s* , we can 
assume that \a\m G zi.N. From jOr,m(o', s) G A and \a\m G ^i-N, lemma [9^22] 

shows that 7;r^_c,(P) = S.r,m{s) + P - Pr,m{<J, s) = Cr,m(s) + -P - Oq + W + WQ- 

From P + Wo = P, we deduce that Jr,rn,cr{P) — &,m{s) + P — ao + v. Hence 
lr,m,cr.s'iP) = Cr,m(s)+7rTm,eo.„(^-«o + w)- Let Q = 5(go,CT.s^) and let Y be 
the s-eye that contains q. As T^m^^^i (P<j) = for any P g J'y(X), we deduce 
that q G kers(F). Moreover, as there exists P G Ty(X)\{0} we deduce that 

Pq ^ 0. Remark that for any q' G kers(y) there exists a path q' q and 
^ 0, we deduce that P,- ^ 0. Hence kers(y) C Q' . Therefore qeQs- □ 

Theorem 14.14. Given a cyclic Presburger-definable set X C Z™ repre- 
sented by a FDVA A in basis r, and given an ajfine component V o/saff(X) 
and given a full rank set of indices I of V , the I -representation of invy{X) 
is computable in polynomial time. Moreover |Z™ H V/invv{X)\ is bounded by 
the number of principal states of A. 

14.3 Boundary of a Presburger-definable FDVA 

Let X be a Presburger-definable set and V be an afRne component of saff(Ar). 
The V -boundary boundv'(A') of X is defined by the following equality: 

boundi/(A:) = IJ boundv(ev,p(A:)) 

In this section, we prove that bound\/(Ar)\(lJJ^^{y ne^,„}) is computable in 
polynomial time from a FDVA that represents X . 

The set bound \/ (AT) plays an important role as proved by the following 
proposition 114.151 (see also figure 114. 2p . 

Proposition 14.15. Let X be a Presburger-definable set and let V be an 
affine component o/saff(Ar). For any H G boundv{X), there exist two dif- 
ferent semi-V -patterns P^ ^ P^ in CP\/(A"), an open convex V -polyhedron 
Ch satisfying [Ch H H<]^ ^ [0]^, [Ch n H>]^ / [0]^ and such that: 

[xn{CH+v^)f = [p<niiCHnH<)+v^)f [p> niiCHnH>)+v^)f 

Moreover, if X is (r, m, w)-cyclic then one of these two sets is (r, m) -detectable 
in X: 

(P< n {^„n{w) + H< + v^)) u (P> n {^„nH + h^ + v^)) 

(P< n i^r,rniw) + + V^)) U (P> H i^„nH + H> + V^)) 
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Fig. 14.2. On top left a semi-Q^-pattern , on top right a semi-Q^-pattern , on 
bottom left an open convex Q'^-polyhedron Ch and a Q^-hyperplane i/, on bottom 
right the set (P< n Ch n U (P> n n //>). 



Proof. Let ff G boundv(X) and let us prove that there exist two diflFerent 
semi-T^-patterns ^ in an open convex ^-polyhedron Ch sat- 

isfying [Ch n 7?<]^ ^ [0]^, [Ch n il>]^ ^ [0]^ and such that [X n (C^ + 
y-L)]!^ = [P<r\{{CHr\H<)+V^)\^\J^[P>r\{{CHr^H>)+V^)Y . From decom- 
position theoreminU we have [X\^ = UpGyv(x)([-P]^ i'^vA^) + ^^))- 
Let £ boundy(X) and let %' = boundy By definition of 
boundy(X), there exists Pq G such that H G boundy(ey,p„(X)). 

Hence, there exist an open convex F-polyhedron C and #o G {<7 >} such that 
[C n if<]^ ^ [0]^, [C n 7?>]^ ^ [0]^ and Qv,Po{X) [C]^ = [c n H*°Y. 
From lemma Hi .101 we deduce that there exists G {<,>}"'^ such that 
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[CnCy,#- ni/<]^ 7^ [0]^, [CnCv/,#' r\H>]^ ^ [0]^. Let us denote by Ch the 
open convex F-polyhedron Ch = C n Cv,#'- Since W U {i/} = boundy(X) 
we deduce that ev,piX) n [Cv,#' n is either equal to [0]^ or equal 

to [Cv,#' n H*]^ for any P G a'y(X) and for any # e {<,>}. By defi- 
nition of the sequence {Gv,p{X))p(z-p^,(^x) (a kind of partition of [V]^) and 
since [Ch n ^ [0]^, there exists a unique P* G ^^(X) such that 

ev,p*ix) [Cif n = [Ch n Since ey.p„(x) [Ch]^ = 

[Ch n H*«]^ we deduce that C^.p^C^) [Ch D H*°]^ = [Ch n 

and ey,p„(X) [Ch n = [0]^ where #i G {<,>}\{#o}. Hence 

p#o _ ajjfj p#i That means ^ P-^ and we have proved that 

[xniCn + y^)]^ = [(P< n ((Ch ni7<) + v^)) u (p> n ((c^ ni?>) + v^))]^ 

with P< ^ P> in TviX). 

Now, assume that X is (r, m, w)-cyclic, let A be the F-affine space A = 
£,r,m{w) + V. Let H G boundy(X), let P< and P> be two different semi- 
F-patterns in J'y(X), let Ch be an open convex F-polyhedron such that 
[Ch n H<]^ ^ [0]^, [Ch n i?>]^ ^ [0]^ and such that [X n {Ch + V^)]^ = 
[P< n {{Ch n iJ<) + V^)]^ [P> n ((C^ n H>) + V^)]^, and let us prove 
that one of these two sets is (r, m)-detectable in X: 

(P< n {^r,rn{w) + H< + V^)) U (P> H (^.^^(u;) + P"^ + P^^)) 

(P< n (C.,™(i«) + P^ + y^)) u (P> n (^.,™(w;) + P> + v^^)) 

Let X' = X n A. Corollary 113.111 shows that Z™ n A is (r, m)-detectable 
in X. By replacing Ch by C^, we can assume that Ch = Ch- Let X' — 
X n A. Corollary 113.111 shows that n A is (r, m)-detectable in X and in 
particular X' is (r, m)-detectable in X. Since X is (r, m, ii;)-cyclic and P is 
(r, TO)-detectable in X from corollary 1 13. 91 we deduce that any P G Ty(X) is 
(r, m, z/;)-cyclic. From lemma [?.20[ we deduce that any P G TviX) is relatively 
prime with r and included in A. 

Let us prove that by modifying Ch, we can assume that X'\{^r,m{w)+H)n 

{&.m{w)+CH + V^) = {P<n{^r,m{w)+CHnH<+V^))U{P>n{^r'm{w)+CHn 

H> + V^)). Let Z = {X'\{(r,m{w) + V)n {Cr.m{w) +Ch + V^))A{{P< n 
{^r,m{w) + n P< + F^)) U (P> n {^r,m{w) + C H Ci H> + V^))) . From 

[xn{CH+v^)]'' = [{P<n{{CHnH<)+v^))u{p>n{{CHnH>)+v^))]^,we 

deduce that [Z]^ = [0]^. Since X', P< and P> are included in A, we deduce 
that safr(Z) C A. In particular saff(Z) C V. Since [Z]^ = [0]^, we deduce 
that V is not included in saff(Z). Assume by contradiction that H C saff(2'). 
There exists an afhne component W of saff(Ar) such that H C W. Since H is 
a F-hyperplane, either W ^ H or W ^ V. The last case is not possible since 
V is not included in saff(Z). Hence = P is an affine component of saff(Z). 

Since saff(Z) = S,r,m{w) + saff(Z) we deduce that £,r.m{w) + P is an affine 
component of saff(Z). From the dense component lemma [1 2. 11 we deduce that 
safr(Zn(^r,m(w) +P)) = Cr,m(w) +P- As Z n {^r,m{w) + H) = 0, we deduce 
a contradiction. Hence, there exists a finite set JCq of F-hyperplane such that 



102 14 Extracting Geometrical Properties 



JCo — 3^0, H ^ J-Cq and such that saff(Z) C UffoeMo -^o- Thanks to lemma 
111.101 we deduce that there exists # e {<, >}^o such that [C//nCy,#nif>] ^ 
[0]^ and [Ch n Cv,# n H<] ^ [0]^. Hence, by replacing Ch by Ch n Cy,#, 
since Z D Cv,# = 0, we can assume without loss of generality that Z = 0. 

Thus X'\{CrUw) + V)n{^r,mH+CH+V^) = {P< H {^r.mH + Ch H< + 

v^)) u (P> n {ir,miw) + CHnH> + V^)). 

Assume first that Z™ n (£,r,m (w) + V) is (r, m)-detectable in X and let us 
show that X" = {P< n iCrMw) +H< + V^))U{P> n i^rMw) +H> + V^)) 
is (r, TO)-detectable in X. Let us consider a pair (cri,o'2) of words in 
such that 7^m^CTi(-'^) = Tr^m.cra (-'^)- Lct US consider x £ 'y~}^^^^{X"). Then 

7r,m,ai(x) e'(P< n (er,m(u)) + i/< + F^)) U (P> H i^r,mH +H> +V^)). 

By definition of u, there exists an integer k £ N enough larger such that 
7r,m,(Ti (x + k.v) is in X"n(^r.m('w) + Ci/ + V-'") and such that ^r.m,a2 {x+k.v) £ 

^rAw) +Ch+ V^. Since X" n + Cff + V^^) = X'\(^rAw) + H) H 

{^r,m{w) +Ch + V^), we deduce that 7r,m,cri(a; + k.v) G X'\(^r,m(w) + H). 
Since X' and Z™ n {£,r,m{w) + H) are both (r, m)-detectable in X, we deduce 
that 7r,m,cr2 (2; + fc-'^) ^ X'\{S^r.m{w) +H). Moreovcr, as jr,m,a2{x ~^ f^-'^){x) £ 
(Cr,m(ii') + C'if + V^), we have proved that 7r,m. 0-2(2; + ^■^^) -'i"'\(Cr,m(w') + 
H) n (^r,m (w) + Cij + ) . Since this last set is equal to X" n {^r,rn {■w) + Ch + 
V-^) we get 7r,m,cr2(2; + ^-^) £ By definition of v, we get 7r,m,(T2(2;) ^ 
Therefore X" is (r, m)-detectable in X. 

We deduce that if Z™ n (^r,m(w) + H) is (r, TO)-detectable in X, since 
-P^ n (Cr.mlif) + H) and P> n (Cr,m(w) + H) arc both (r, m)-detectable in X 
as the intersection of (r, m)-detectable sets, the following two sets are (r, m)- 
detectable in X: 

n (^..^(w') + i/< + v^^)) u (P> n (e,,,„(«;) + H^ + v^)) 

{P< n (^..^(w') + i/^ + v^)) u (P> n +H> + v^)) 

Now, assume that Z™ n (^r.ml'fi') + -ff) is not (r, m)-detectable in X 
Let us first show that there exists a pair (cri,(T2) of words such that 
Irk^M) = 7™,.2(^)' Pr:™,ai(er,m(w;) + ^) and P"^,,, (w) + "^^) are 
equal, Z"^ r\r^^^^^^{ir,m{w)+ H) is not empty, and such that Pr.m.o-i (Cr,m(M^) + 
H + F-'-) and P^Vm.CTa (^'•.™(^) + H + V^) have an empty intersection. Since 
Z"* n (^r,m {w) + i? ) is not (r, m)-detectable in X , there exists a pair (ai ,0-2) of 
words in ^7* ,„ such that ^r,m,ai {^) = 7™, 0-2 ("^) ^^"^ ^^'^'^ ^^^^ 7^m,<Ti (^"^ 
(Cr,m('i«) + H)) and 7"^ 0-2 {£,r,m,{w) + i?)) are disjoint. Remark that 

7-l,,.(Z™n(Cr,™H+'i/)) = Z'"nr;^„\,,^(er,™(t^)+i?) for any * e {1,2}. By 
replacing (cti, 0-2) by (0-2, cti), we can assume that Z™ n rr,m,cn {£,r,m{'w) + H) 
is not empty. Since Z™ n {^r,m{w) + V) is (r, m)-detectable in X, we deduce 
that Z™ n r-^aA^rAw) + 1^) and IT n r-^,,,(er,m(w) + are equal. 
Moreover, as Z™ n (Cr,m(w) + ff) is non empty and _ff C we deduce 

that the sets Z^nP"^ + and Z'^nP-J, ,,^(C^,„H + T/) arc non 

empty. Taking the semi-afRne hull of these sets, we get r^}^^^^ {^r.m {w) + V) = 
-f'r7m.<T2 + Assumc by contradiction that P'^^^^ {£.r,rn{w)+H+V^) 
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and r^,n ^^{S.r.mi'w) + H + V-^) have a non empty intersection and let x 
be a vector in this intersection. From x e r~^^^^{£^r,m{w) + H + V^) we 
deduce that there exists v± E such that x — v± E m <ti (?r,m(w) + 

H) C r-l^,^i^r,miw) + V). FrOinr-l^^^{^r,mH + V) = r-^ia,i^r,M + 

V), we deduce that x — v G r^_^^,^^{S^r,m{w) + V). Moreover, since x e 
rrX'y^^^-rM^) + ^ + '^^)' we get x - f G r-^,„, (Cr,m(w^) + H) . There- 
fore r~^,j^{^r,m{w) + H) and -T^Tm^o-s (^J-.m!^) + ^^'^ equal and we get a 
contradiction. 

Since T"^ „^ (Cr-,m(w) +H + V^)&m\ r-^^„^_ (Cr,m(w) +H + V^) have an 
empty intersection, there exists # G {<, >} such that {£.r,m{w) + H + 

V^)Cr-l^^iCr,m{w)+H*+V^). 

Let us consider the (r, m, w)-cyclic Presburger definable set X'^^ ^ X' D 
{£,r,m{w) + H) and the semi-_ff-pattern — n (^r,m(w) + H), and let us 
prove the following equality: 

7-i„,,, (x^ n {ir,m{w) + n ff)) = 7.:™.., (^1 n + n h)) 

Remark that 7^;™,^-^ (^'\(^r-.™(w) + H)) n -T-,!^,^, (Cr.mlw) + n + V^^) 

is equal to [x')\r-Xa, {£.r.,M +H + v^)n r-X„, + CHr\ 

H + V^). Since I^"^,,, (^r.^M + + F^) and /^-^,,,(e™M + if + T/^) 
have an empty intersection, and ^_^{X') = ^^{X'), we deduce that 

"frX.A^'M^r.mH + c H H + v^)) H r-^^S^rlM + CHnH + v^) 

is equal to J~}n,aii-^H <^ (Cr-,m(«^) + Ch H + V^)). On the other hand, 
since X'Xi^rMw) +H + V^)n {Cr^m{w) + Vh + V^) = \J#'e{<.>}iP*' ^ 
i^r,M +C„nH*' +V^))), we get 7™,-2 (^'\(^-,™(^) + H + V^) n 

rr-^,a,iir.nM + Cff H H*' + V^) (1 r-„\^,^ (^,^,„ (u;) +H + V^)). Remark 
that r-^^^^{^r,mM + H*' + and T"^,^, (er,m(w) + i7 + F^) have 

an empty intersection if is not equal to # and P^T^ ^^{^r.rn{w) + Ch H 

r^l,,{CrMw)+H+v^). Asr~l^,^{^r,m{w)+v) - r-„\^,^ (c.^^H+F) and 

= Ch, we deduce that r;^^ ,^^{^r,m{w) + Ch + V-^) = ^rTm,<Ti (Cr,m(w;) + 
Ch + V^). Moreover, since 7;^m^cr2 (-P*) = IrX-cri^^*")^ proved 

that lrX<r2i^'\i^r,M + H + V^)) n r-X,,{irln{.w) + C H ^ H + V ^) = 

lr,rn,ai (^"^ ^ {^r,m{w) + C_ff H if + V ^)) . Combining the two equalities proved 
in this paragraph, we are done. 

Let us prove that Ch^H is a non ii-degenerate iJ-polyhedron. The proof 
is obtained thanks to lemma [11.61 Since [Ch H H'^]^ ^ , there exists a 
vector E n Ch- Now just remark that there exists fc<, fc> in (Q)+\{0} 
such that V — k^.v^+ky.vy is in ii. In particular v E H D Ch ■ Thus H n Ch 
is non-iJ-degenerate. 

Next, let us prove that [X'fj n (^r,m(w) + Ch r\ H)]" = [P^ n (Cr,m(w) + 
Ch n H)]". Since 7;;^,^i(Z"' n (Cr,m(w) + H)) is non empty, there ex- 
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ists a (r, m)-deconiposition {w,s) such that Pr,m{wis) is in this set. By re- 
placing w by a word in w.s*, since invy(P'^) is relatively prime with r, 
we can assume that /-ki-™!™ g i 4- n V/mvy{P'^)\.Z. From lemma 
19.221 we get 7™,cti.«>(^*) = 6r,m(u') + -P* - Pr,m(CTi.w, s). In particular, 
if [X'^]" = [9]", then hrX.a^.wiX'H)]" = [9]" and from the equahty 

%LaAx'H n i^rM^) + n iJ)) = 7.:;^.,.,(i^l n {^^.M + Ch n h)) 

we deduce that h'Xai.wiPS ^ (?r,m(w) + Ch n H))]" = [0]^. Since Ch n 
is non 7?-degenerate, we get [Ph]^ — [0]^ and we have proved that 
[X'h n {^r,m{w) +Ch^H)]" ^ [P* n {£,r,M +CHr\H)]". So, we can 
assume that [X'jj]^ ^ ■ In this case H is an affine component of the 
(r, TO, M;)-cyclic Presburger definable set X'^. In particular imfH{X'jj) is rela- 
tively prime with r and by replacing w by a word in ui.s* we can assume that 
^\a^.wU G l-h|Z'"ni//invff(X)|.Z. Since pr,m{<7.w,s) eZ"'n{^r,m{w)+H), 
from lemma 11221 we deduce that lr.m,cri.wiP) = Cr,m{s) + P - Pr,m{c'i-w, s). 
From [X'fj]" = Upey^cx^,) (I^l^ ^" ^hA^'h) + H^), we deduce that 

b7,k<r..M)]" = UpeW'J^^r}n,a,.ru.s{P)]" ri" eHAX'H)+H^)- FrOm 

the equahty [X^ n {^r^w) + Ch n H)]" = [P* n {^r.nH + Ch n H)]" , 
decomposition theorem 112.41 shows that there exists P e CP//(X^) such that 
[CnnH]" C" ChA^'h) and such that %L,a^AP) = Ir.L.^APS)- Since 

lr,m.,a,.w{P) = '?r.m(s) + P - p„n{'^l.W,s) and 7r^m.<Ti (^'ff ) = Cr,m(s) + 

P| - Pr,m(fTi.u;, s) wc get P = Pt- Thus [X^ n {^r,M +CHr\H)]" = 
[Ph ^ {ir,m{w) + ChC\ H)]" and we are done. 

Let us consider the set = (F< n (Cr,m {w)+H< +V^))\J {P* n (Cr,™ (w) + 
H + V^))U (P> n (Cr,m(w) + -ff- + ^^)) and remark that these set is equal 
to one of the following two sets and it is such that [Z]^ = [0]^ where Z = 

iX'AE)n{^r,mH+CH+V^). 

{P" n {^„n{w) + H< + v^)) u (P> n (CrMw) + h^ + v^)) 
(P< n {^„n{w) + H^ + v^)) u (P> n (CrMw) + h> + v^)) 

Let us prove that E is (r, m)-detectable in X . Consider a pair (wi , u'2) of words 
in S^m such that (X) = 7^7^ (X). Since X' is (r, m)-detectable in X, 

we deduce that t7-^_„^(X') = -f-^l^,iX'). From Z = (X'AE) n (fr.mCu') + 
Ch + V^), we deduce that Z' = (7™,^, {E)A-f-^^^^^^ (E)) D {C + V^) where 
C" is the open convex F-polyhedron such that C + = Pr7m,toi (Cr.mC^) + 
CH + V^)nr;:,l^^{^r,rn{w) + CH + V^) and Z' = {^-^^^iEj Aj-^i^^iE)) H 
(C -I- T^^). Since [Z]^ = [0]^, from covering lemma EH we get [Z']" = [0]^. 
Moreover, as [C]^ — [Ch]^ , we deduce that C" is non l/-degenerate and such 
that [C'nH<]^ and [C'r\H>]^ are both non equal to [0]^. Let us remark that 
Tr^m.iDi i^)^lr,m,w2 '^^ ^ scmi-iJ-pattem and C" fli? is a non-i?-degenerate 
i?-polyhedron from lemma fll.lll Since [Z']^ — [0]^, we deduce from lemma 
I12.2l that 'yrX,wiiP') = lr.m,wiP^)- Thus E is (r, m)-detectable. We are done. 
□ 
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Recall that a semi-l/-pattern P detectable in a (r, rn, w)-cyclic set X are 
relatively prime with r. The following proposition will become useful in the 
last section in order to check that some sets that must be detectable in X if 
X is Presburger-definable are effectively detectable in X. 

Proposition 14.16. Let A be a FDVA, let Pi = Bi+M, P2 = B2 + M be two 

semi-V -patterns where Bi, B2 are two finite subsets of Z,"^ . and M is a V- 
vector lattices included in Z™ relatively prime with r, let H be a V -hyperplane, 
let ao G Q™ and let (#i,#2) G {(<,>),(<,>)}• Assume that there exists 
a final function Fi such that Pi is represented by A^^ . We can decide in 
polynomial time if there exists a final function F such that the following set 
is represented by A^ : 

(Pi n (ao + H*' + V^)) U (P2 n (ao + H*' + V^)) 

Proof. From proposition 14.61 we deduce in polynomial time a set U of pairs 
(fa, Cfe) of words in S* such that |cra| -|-rn.Z = \ai,\ -Vm.TL for any (aa^ crj,) G U 
and such that a set X' C Z™ is represented by a FDVA of the form A^ if 
and only if Jr.m,aa{^') = lr,m,crbi^') foi" (^a, cTfe) G U. Lct X' be the set 
X' = (Pi n (ao + H*^ + V^)) U (P2 n (ao + H*- + V^)). Since 7™,-„(^0 = 
lr,m,a-ti^i) ^'^^ * ^ {Ij^}, for proving the proposition, it is sufhcient to 
show that given a pair (<7o,(Tfe) of words such that \aa\ + ra-l = |(Tb| + m.Z 
and 'yr,m,(Ta(-^i) ~ 7Tsm,(T(,(-f«) foi' ^'^y *) '^^^ decide in polynomial time 
if 7~4^_^(X') = 7~^g.^(Ar'). In polynomial time, we can compute a vector 
a E Z™nt/ such that' iJ# = {x eV; {a,x)#0} for any # G {<,<,=,>,>}. 
Let z G {0, . . . , m — 1} such that \aa\ + m.Z = z + m.Z — Icrfjl + m.Z, let 
az be the vector in Z™ such that (a,7^,„o(^)) = {o-z^x) for any x G Q™, 
and let Vz be the vector space Vz — F^m o(^)- Proposition 19. 181 proves that 
we can compute in polynomial time two finite subsets B'^ and B'2 of Z™ such 
that lr,m-<ya^^i) = + 7i\7Ti'o(-^^)- Since M is relatively prime with r, we 
deduce that 7^mjo(^'^) equal to Af^ = 7™,o(^'^)- ^^^e that ^r^n.aS^i) = 
B'^ + AIz- Let Ca — r ^^.(a, ag) and Cb — r ;^.(a,ao). Observe that 
X G r-^,aAao + H* + V^) if and only if Pr,,„,^„(.T) G + H* + V 
and only if (a, Pr,m,(T„ {x)) # (a, ao) if and only if (a^, a;} #Ca. We deduce the 
following equalities (the equality with crt, is obtained by symmetry): 

-t-}^^^^{X') = {x B[+ Mz] (a^,a;)#ic4u{a;GB^ + M^; (a^,x)#2Ca} 
7r":m,a,(^') = {a: G Pi + Mz] {az,x) #iCb} U {a; G P^ + M^; (a^, a;) #2C;,} 

If Ca = Cb then 7~;^ ,^^(X') = lr,rn,c2(-^')- Otherwise, by symmetry, we can 
assume that Ca < Cb- In this case, the set ^~^^„^{X')A^~^^^^{X') is equal to 
the following set: 



{xeiB[+Mz)A{B'2+Mz); Ca(-#2) (a., x) #ic,} 
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Let us consider the set B equal to the union of the set of vectors b £ Bi such 
that there does not exist &2 G ^2 such that 6 — 62 G and the set of vectors 
b G B2 such that there does not exist &i G Bi satisfying 6 — &i e ■ Observe 
that B is computable in polynomial time and {B[+Mz)A{B2+Mz) = B+Mz- 
Thus we have reduced our problem to decide if there exists b £ B such that 
the following set is non empty where c'l = Ca — {otz, b), c'2 — Cb — {az, b), and 
(#'i,#2) = (-#2,#i): 

{x e Mz] ci#i {az,x) #24} 

From an Hermite representation of Mz , we deduce in linear time a Z-basis vi , 
Vd of Mz- Note that the set {{az,x) ; x G Mz} is equal to Ylt=i ^- i^^z, Vi). 
Thus, considering the lattice generated by {{ciz, Vi) ] 1 < i < d}, we compute 
in polynomial time a rational number /i > such that {(a^, a;} ; a; G Mz} is 
equal to Z./j,. We deduce that {x G Af^; ci#i {az,x) #2C2} is non empty if 
and only if there exists an integer z G Z such that ^^[z^2^. This property 
property is decidable in linear time. We are done. □ 

14.3.1 A polynomial time algorithm 

As for any pair of serialized encoded FDVA (yii,yi2), we can compute in 
quadratic time a serialized encoded FDVA A that represents X1AX2 where 
Xi is the set represented by Ai , the following proposition 114.171 shows that 
our computation problem can be effectively done in polynomial time thanks 
to the semi-afhne hull direction computation. 

Proposition 14.17. Let X be a Preshurger- definable set represented by a 
FDVA A and let V be an affine component o/saff(A'). Consider Iji{V), the 
set of pairs of states (91,92) & T x T where T is a terminal component such 
that Vc{T) — V and such that qi 92- We have the following equality: 

m 

boundv(X)\{\^{Vr\el^})^com:^{ |J saff(X,,Z\X,J) 
i=i (?i,<Z2)e/y,(v) 

Proof. Let J be the set of indices in {l,...,r7i} such that V n ej^^ is a 
y-hyperplane. As boundv(X) contains only F-hyperplanes, we deduce that 
boundv(X)\(U,"Li{^ne^+„}) and boundy (A:)\(U,g n ej;„}) are equal. 
We denote by J{o this class. The semi-afhne space S = UhgMo ^ satisfies 
comp(5') = VLq. Consider the semi-affine space 5" = IJ^^^ g2)e-fyi(V) saff(XgjZiXq2). 
We have to prove that S — S' . 

Let us first prove the inclusion S" C S. Let (91,(72) G /yi(V^) and let 
W = sa&{Xq^AXq^). Naturally, if = 0, we immediately have W <Z S.So 
we can assume that W ^ ^. Let us consider an affine component Aq of W^. 

From theorem i 13 . 1 TI there exists oi, 02 G Q™ satisfying the following equal- 
ity (where i G {1, 2}) and such that —1 < ai[j] < for any (i, j) G {1, 2} x J: 
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= U U ^ ('^^ + + 

We denote by Vi the vector = IlY{ai) for i G {1,2}. Remark that 
Pqi = for any P G since <?i 92- We denote by Pg^.^j this senii-F- 
pattern. 

Let us prove that there exists H £ boundy(X), ^ G {<,>} and a V- 

afRne space A such that C ^(Z™ n A n ( ( (wi + # ) Z\ (w2 + # ) ) + ^^-^ ) ) ■ 
The set Xq^AXq^ is included into the finite union of sets Pgi.<j2 ^ (((wi + 
Cv,#)A{v2 + Cv,#)) + V^) over P G and # G 5y,p(X). As Ck# = 

C\H£houndv{x) ^ deduce that Xg-^AXg^ is included into the finite 
union of sets P^^,,, n (((ui + H*)A{v2 + H*)) + F-^) over P G Tv{X), 
H G boundv(X) and # G {<,>}. From insecable lemma |9^ we deduce 
that there exists P G Tv{X), H G boundy(X) and # G {<, >} such that 

C ^(P,,,,, n (((wi + H*)A{v2 + + V^)). As Pg,,g, is a semi-F- 
pattern, it is included into a finite union of sets of the form n A where A 
is a F-affine space. From insecable lemma [9?2] we deduce that there exists a 
F-affine space A such that Aq C ^(Z™nAn(((ui +7J#)Z\(w2+i?*)) + F-^))- 

Let us show that H ^ {Fnej^,„; j G J}. As 7^ 0, it is sufficient to show 
that otherwise, the set Z"" C\ AC\ ({{vi + H*)A{v2 + H*)) + V^) \s empty. 
Remark that this set is included in (Z™ n (ai +H* + V^))A{Z"' n {ai+H* + 
y-L)). li H = Vri ej:,„ where j G J, there exists e G {-1, 1} such that H* = 
{x G V; e.x[j]#0}. Remark that a,+H*+V^ = {a; G Q™; e.(x[j]-ai[j])#0}. 
As ai[j] and a2[j] are two rational numbers in {a; G Q; — 1 < a; < 0}. We 
deduce that Z™ n (ai + + V^^) and Z™ n (02 + + F-^) are equal. 
Therefore (Z™ n (ai + 7J# + y^))zi(Z" n (oi + 7?# + F-^)) is empty. We have 
proved that H ^ {V D ej;,,„; j e J}. 

Let us prove that Aq C i7. Consider a G Z™ n V^\{eo.„j,} such that H"^ = 
{x G V; (a, a;}#0}. Let K — {k £ Z; k < max{| (a, wi) |, | (a, W2} |}} and 
remark that for any x G Z™ n {{{vi + H*)A{v2 + H*)) + V^), we have 
(a, a;} G K. Hence Z" n A n (((wi + H*)A{v2 + + V^) is included 

into Ufceifi^ ^ (Q^' ^) ~ Fi'om insecable lemma [921 we deduce that 
AoQH. 

We have proved that C 5 for any affine component Aq of VF. Therefore 
W C 5'. We deduce that 5' C S. 

Now, let us prove the converse inclusion S Q S' . Consider a t^-hyperplane 
Fo G 5^0 = boundv(X)\(Uj.gj(y n ej;„J). Let J{ = boundy (X)\{i7o}. We 
denote by G T^\{eo,m} a vector such that Hf° = {x <^ V; (ao,x}#oO 
for any #0 G {<,>}. Given # G {<,>}^ and #0 G {<,>}, we denote by 
(#, #0) the sequence in >}t)oundv(x) naturally defined. Remark that for 
any sequence # G {<, >}^ and for any #0 £ {<, >} such that [Cy_(#,#o)]v ^ 
[0]v, there exists a unique P^,#g £ such that (#, #0) S ^v,p#.#g- 

Let us prove that there exists # G {<, >}^ such that [Cy (^ <)]y and 
[Cy.(^_>)]y are both not equal to [0]y, and such that P#,< ^ P#,>- By 
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contradiction, if for any # G {<, >}^ such that [Cv_(^ and [Cy 
are both not equal to [0]y, we have -P#,< = P#,>, decomposition theorem 
112.41 shows that boundy(X) C 3-C which is impossible. Hence, there exists at 
least one sequence # S {<, >}^ such that [Cv,# n H^]v and [Cv,# n H^]v 
are both not equal to [0]y and such that P#,< ^ P#,>- 

From the previous paragraph, we deduce that the semi-l^-pattern Pq = 
P^^<:AP^^y is not empty. Moreover, as P#,< and -P#,> are both {r,m)- 
detectable in X, we deduce that Pq is also (r, m)-detectable in X and for 
any reachable state q € Q, the set {Po)q is well defined. 

Let us prove that there exists a terminal component T such that Vg (T) — 

V and such that [P^^<)q ^ {P^^y)q for any state q eT. As Pq is not empty, 
there exists a (r, m)-decomposition {ao,s) € /9~^(Po). By replacing uo by a 
word in (Tq.s*, we can assume that there exists a loop labelled by a word in 

on the state — S{qo,aQ). In particular invy((Po )g^) is relatively prime 
with r and ^r,m(s) G (^o)g^- From destruction lemma [l3.14[ we deduce that 
Pq'g Q £.r,mis)+Z"^riV for any P G (X). As (Po)g^ is non empty, there exists 
#0 £ {<! >} such that {P^,^g)q'^ ^ 0. From proposition ll4.1l] we deduce that 

V is included in saff(X^^). As X^'^ C r^),~,^„^^{X), covering lemma shows 

that V is an affine component of sa&{Xqi^^. Proposition 114.51 applied to 
shows that there exists a terminal component T reachable from such that 
Fg(T) = V . Consider a state q £ T and let us consider a path — ^ g. From 
proposition 1 14. 1 ll we deduce that there exists P G J'v(X) such that P^ 7^ 0. 
Therefore IrX'^^iPgO /9- From P,/ C C^,™(s) + Z" n y, we deduce that 
Irm (Ti(Cr,m(s) + D F). From the dense pattern coroUarv 19.231 we deduce 
that 7-^_',^((Po),^) ^ 0. That means (P#,<), ^ (P#,>), for any g G T. 

As there exists a loop on each state q of T, we deduce that Pg is relatively 
prime with r for any P G Tv(Ar) and for any g G T. Hence, there exists an 
integer n relatively prime with r such that invy(Pg) C n.(Z™ n V) for any 
P G yv{X) and for any g G T. 

From an immediate induction and lemma 111.101 we deduce that there 
exists a sharing of J into J = J< U J> such that [Cv,# DCCi Hf"]v 7^ [0]y for 
any #0 G {<, >} where C = fljej^ia; e V^; a;[j] < Olfl^-gj^ja; G V; x[j] > 
0}. In particular there exists a vector G Cv,#r\C dHf" for each #0 G {< 
, >}. By replacing v^g by a vector in (N\{0}).w^o, we can also assume that 
G n.{Z"^nV). 

Let us show that there exists a (r, m)-sign vector s G S'r,m and a state 
q € T such that G (Po)<j and such that s[j] = r — 1 for any j G J< and 
such that s[j] = for any j G J>. Consider a state g' G T. As (Po)q' is not 
empty, there exists a vector x is this set. As v^g G Z™ n ^ and (Po)g' is a 
semi-y-pattern, we deduce that Xk — x + k.n.v^^ is in (Po)q' for any fc G Z. 
As [j] < for any j G J< and [j] > for any j G J, we deduce that 
there exists fc G N enough larger such that Xk [j] < for any j G J< and such 
that Xk[j] > for any j £ Jy. Let us consider a (r, m)-decomposition (tr, s) of 
aifc and remark that s[j] = r — 1 for any j G J< and s[j] — for any j £ J^. 
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Moreover, e {Po)q where q — S{qQ,(T). As {Po)q ^ 0, proposition 114.111 
proves that Xg ^ 0. As T is a terminal component and q is reachable from T, 
we deduce that q gT. 

Consider a (r, m)-decomposition ((T#o, s^q) of +''^#0 f^i' each #o G {< 
, >}. By replacing ct^q by a word in cr#Q.s^^, as n is relatively prime with r, 

we can assume that r^''*o ' G 1 + n.N for any #o G {<,>}. We denote by w^g 
the word = cr^^. 

Let us show that s< = s = s>. For any j e {1, . . . , m}\ J, as n ej^^ 
is not a F-hyperplane, we deduce that ej_m G V^. That means v[j] — 
for any w G T^. In particular {jzzp + v^g)[j] = and we deduce that 

s<[j] = s[j] = s>[j]- For any j G J<, as s[j] r - 1 and -y^Jj] < 0, we get 
«#o[i] =r-l^ s[3] - Symmetrically, for any j G J>, we get s#„[j] = = 
Therefore s< = s = s>. 

Let us prove that 'Jrm w#„{Pq) — Pq for any P G and for any 

#0 G {<, >}. Let P G J'y(X). Remark that 7r,m,a#o(a:) G a;+7r,m,CT_^^ (eo,m) + 
n.Z"* for any a; G Z™. Hence 7r,m,ii)^Q (a;) G a; + n.Z'" for any x G Z'". 
As Mq^p is a n-mask, we deduce that "fr)n,w# {^Iq,p) = ^'^q,P- Moreover, 
from G {Po)q we deduce that G ^q. Hence A, = + V. So 
^r7m,a#„(A) = ''^ (j^ " 7™,^#„ (bq,™ )) + V. Rccall that p^,™(ct#o,s) = 
+ «#o and remark that Pr^m((T#„,s) = 7r,m,o-#„ (eo,m) + r'l'^#oLj^. We 
get r~^^^^^{Aq) = — r~''^*ol.D-^^ +V = Aq. An immediate induction 
show that r~l^n,#JAq) = A,. As Pq = Mg^p n A„ we get 7r":m,«,#„ = 
lr,Lw^„iMq.p) n (A) = M,,p n A, = P,. We have proved that 

"fr,Lw^„ (Pi) = Pi foi" ^ and for any #0 G {<, >}. 

Let us prove that 5{q,w'^^^) C T for any #0 G {<i >}■ From the previous 
paragraph, we deduce that for any A: G N, the set 7"^ ^ ((^0)0) = {Po)q is 
not empty. From proposition 114.111 we deduce that 7"^^ ^ (Xq) is also non 

empty. As T is a terminal component, we deduce that S{q,w'^^) G T. 

As r is a finite set, there exists a state q^g G T such that there exists a 

path g — ' — > and a loop '-^ q^„ where r^^ G N and k^g G N\{0}. 

From theorem 113. 17( we deduce that there exists a vector a G such 
that: 



the following equality for any #0 G {<7 >} and for any k G + N.k^^: 



As 7^^,,!^, 




9#o ~ 



#0 
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As Pq^ ~ Pq^ for any P e J'y(X), we deduce that g>. Hence 

{q<,q>)^lA{V). 

Let us prove that Xg^^ n ( + Cy,# n c n i?o) = P.;^^ n ( + Cy,# n c n 
Ho). Let us consider a vector x S + Cv,# n C n Hq). By developing the 
expression /^^^ ^ (a), we deduce that linifc^oo -^^^ ^ (a) = -r^ — . 

' ' #0 ' ■ #0 ; u 1 

As e n C n and ^ G Q+\{0}, we deduce that there 

exists fc G + N./c#„ enough larger such that x G T"^ (a) + Cv.(#,n.„) n 
C n iJo + Therefore Xq n {a;} = P^,, n {a;} and we have proved that 

n + ncnHo) = p#„ n + Cy.# n c n Ho). 

We deduce that (Po)g n {j^ + Ho) n {j^ + Cy,# n C n i7o) C X5<ziX5> . 
Since [Cv.,# DC n H^]v and [Cv,# D C D H^]v are both not equal to [0]y, 
lemma [Tl . 1 1 1 shows that Cy^nCfliJo is a non i?o-degenerate iJo-polyhedron. 
Moreover, since {Po)q H (jrr^ + -ffo) is a non-empty semi-i/o-pattern, from 

lemma [T^ we deduce that sa3((Po)g n ( + iJo) n {j^ + Cy^ n C n 
Fo)) = Ho. Hence i?o ^ saS{Xq^AXq^). As (g<,g>) G /yi(V^), we also get 
saff (ATq^ Z\Xq> ) C S'. We deduce that i?o C S". We have proved that S C S". 
□ 

From the previous proposition 114. 17[ theorem 114.61 and theorem 113. 4[ we 
deduce the following main theorem of this paper. 

Theorem 14.18. Let X be a Presburger- definable set represented by a se- 
rialized encoded FDVA, and let V be an affine component of saff(X). The 
boundary boundy {X)\{[JY^^{V D ej-j„}) is computable in polynomial time. 

14.3.2 An example 

Let us consider the set X = {x G N^; x[l] < 2.x[2]} given in figure [1131 

The minimal FDVA A2.2{X) that represents X is given in figure [T441 We 
denote by g_i = {x G N^; x[l] < 2.x[2] - 1}, qo = {x e N^; a;[l] < 2.x[2]} 
and qi={x e N^; a;[l] < 2.x[2] + 1} the states of this FDVA. 

Remark that T — {q^i, qo, qi} is the unique terminal component. More- 
over, the algorithm that computes the vector space associated to an untran- 
sient component provides Vc{T) = Q^. Remark that from proposition ll4.5l we 
get saff(X) — VriT) — Q^. That means F = is the only affine component 
of saff(X). 

Let us prove that saff ( Xg. Z\Xq^. ) = H for any i j.ln figure flASl we have 
represented the FDVA Cartesian products of the FDVA Aq- and the FDVA 
Aq^ that recognize the sets Xq.AXq^ where i,j G { — 1,0,1}. These FDVA 
(when i ^ j) have only one terminal component T' = {{XqgAXq-^), (Xq -^AXq^)} 

and we have Vg'{T') = H. Therefore ^{Xq^AXq^) = H for any i ^ j. 



14.3 Boundary of a Presburger-definable FDVA 



111 




Fig. 14.3. On the left the Presburger-definable set X = {x € N^; (a;[l] < 2.x[2]). 
On the right boundv(X) where V = and H = {x € V; x[l] = 2.x[2]}. 




Fig. 14.4. The minimal FDVA A2,2{{x G N^; x[l] < 2.a;[2]}) 

Symmetrically, we get sa.S{Xq.AXq^) = H for any i j- We deduce 
that Ia{V) = i + j} and U(q.,g^.)e/^(y) saff(X5,Z\X,^) = B. From 

proposition 1 14. 171 we get boundy n ef;„, V n e^„} = {i?}. 

Now, just remark that the previous computation can be done in polyno- 
mial time from serialized encoded FDVA. Remark also that on this example 
boundy(X) = {ff, F n ej^,^}. 
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(0,0), (1.0) (0,0), (1,1) (0,1), (1,1) 



Fig. 14.5. The Cartesian product A' oiAq^^ and Aq^ that represents the symmetrical 
difference X^^AX^^ where X is represented by the FDVA A given in figure [T331 
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The polynomial time algorithm 



In this section we provide a polynomial time algorithm for deciding if the set 
represented by a FDVA is Presburger-definable and in this case we provide in 
polynomial time a Presburger formula that defines the same set. 

The algorithm is based on the fact that even if the set X represented by a 
FDVA A is not Presburger-definable, the algorithms developed in the previous 
sections can be applied in order to extract from A sets of the form P n H"^ 
where P is a semi-V-pattern relatively prime with r included in a V-affine 
space and is a ^-hyperplane, and if X is Presburger definable then these 
sets are (r, m)-detectable in X and X is equal to a boolean combination of 
these sets. 

In the remaining of this section we assume that yi is a positive (r, m, w)- 
cyclic FDVA that represents a set Xq C N™ in basis r and dimension m. 
Naturally these conditions are not restrictive thanks to the cyclic reduction 
provided by proposition 17.41 and thanks to the positive reduction given by 
proposition 17.51 

Since a positive final function F is such that [P]('7) G {{eo.m}, 0}, without 
ambiguity such a function can be denoted as the set of principal states q & Q 
such that [F]((7) = {eo.m}- In the sequel, a positive final function F is always 
denoted as a subset of Q. 

The following proposition shows that given a set X' C N™ that can be 
represented by a FDVA of the form A^ where F is an unknown final function, 
the computation of a positive final function F' such that X' is represented by 
A^ can be reduced the membership problem for X' . 

Proposition 15.1. Let A he a FDVA. We denote by y the set of eojn-eye Y 
such that Y is reachable for [G] from the initial state. For any eye Y Cz ^, 
let us consider a word ay G such that S{qQ,aY) G keref,^(y). Any set 

X' C M™ such that there exists a final function F satisfying X' is represented 
by A^ is represented by A^ where F' is the union of eyes y G y such that 

Pr,7n{0'Y, eQ,m) G X' . 
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Proof. Let X be the set represented by and let us prove that X = X' . 
Consider x E X. Let (cr, eo_m) be a (r, m)-decomposition of x. There exists an 
eye F G y such that S{qQ,a) G Y. Since (5((7o, cy) & kere(,^(F), by replacing a 
by a word in a.e^ ^, we can assume without loss of generality that 5{qo, a) = 
6{qo, fjy). Since there exists a final function F such that X' is represented by 
A^, we deduce that J~^^„{X') = J~^^„^{X'). From Pr,,n{crY,en,m) G X' and 
the previous equality, we get pr,m(o', eo,m) G X'. Therefore x € X' and we have 
proved the inclusion X C X'. For the converse inclusion, let x Q X'. Consider 
a (r, m)-decomposition (ct, eo,m) of a: and let F G ^ such that d{qo,a) G Y. 
By replacing cr by a word in cCq ^ since S{qa, ay) G kers(y), we can assume 
that 6{qo,a) = S{qo,aY)- As 7~^j ,^(X') = 7r^m.<Ty (-'^O and /Or,m(o', eo,,„) G 
X', we get /9r,m(o'y, eo,m) G X'. We have proved that S{qo,aY) G F'. Thus 
(5(gO)0') G -F' and we have proved that x G X. We have proved the other 
inclusion X' C X. □ 

Observe that we can decide in linear time if Xq is empty. Thus, we can 
assume that Xq is non-empty (otherwise we decide that Xq is Presburger- 
definable and defined by the formula false). Theorem 114.61 proves that a 
non-empty semi- vector space S such that saff(Xo) — ^r,miw) -I- 5 if Xq is 
Presburger-definable is computable in polynomial time. 

Let us fix an affinc component ^ of S* and let TV be the finite union of 
terminal components T G 7a such that Vg{T) = V. By construction of the 
semi-affine space S, for any affine component V of S, there exists at least one 
terminal component T such that Vg{T) = V. 

Observe that if Xq is Presburger-definable then Z™ n {Cr,m{w) + V) is 
non empty from the dense component lemma 112.11 Since this property can 
be decided in polynomial time by proposition 18.151 we can assume that this 
set is non-empty (otherwise we decide that Xq is not Presburger-definable) 
and from this same proposition we compute in polynomial time a vector uq G 

Theorem 114.141 proves that we can compute in polynomial time a V^- vector 
lattice M included in Z™ such that if Xq is Presburger-definable then M ~ 
invv'(Xo) is relatively prime with r and |Z™ n T/^/invv'(Xo)| is bounded by the 
number of principal states of A. Theorem 18.101 proves that we can compute 
in polynomial time the characteristic sequence ni, Ud of M in Z™ n V 
and a Z-basis wi, .., of Z™ n V such that ni.wi, Ud-Vd is a Z-basis of 
M . Observe that |Z™ n V/M\ — ni . . . Ud- We can assume that ni . . .Ud is 
relatively prime with r and it is bounded by the number of principal states 
of A (otherwise we decide that Xq is not Presburger-definable). Let B be 
the finite set B = {aQ + X^iLi ki.Vi] < fci < ni A . . . A < fc^ < n^}. 
Observe that the cardinal of B is equal to ni . . . Ud- Thus B is computable in 
polynomial time. Moreover, by definition of invy(Xo) — M, we deduce that if 
Xq is Presburger-definable, for any semi-F-pattern P G CPy(Xo), there exists 
a subset B' C B such that P = B' + M. 
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Theorem 113.121 shows that we can compute in polynomial time a partition 
Bq, Bi, Bn of B such that a semi-y-pattern P of the form P ^ B' + M 
where B' C B is represented by a FDVA of the form if and only if there 
exists J C {1, . . . , n} such that B' = IJ^ej ^j- Let i > 1. Observe that there 
exists a final function F such that N™ fl {Bi + M) is represented by . Since 
we can decide in polynomial time if a vector x is in N™ H (-B^ + M) , proposition 
115.11 proves that we can compute in polynomial time a positive final function 
Qi such that N™ n {Bi + M) is represented by A^\ 

Note that = Xo n (B, + M) = n (N™ n {B^ + M)) is represented 
by the FDVA A^°^^\ Theorem 114.61 proves that a semi- vector space Si such 
that saff(^o) = £,r,m{w) + Si if Xq is Presburger-definable is computable in 
polynomial time. Let us consider the set / of i G {1, . . . , n} such that V C 5*^. 

Let us show that if Xq is Presburger-definable, then any state g G Qi is co- 
reachable from Ty- Consider a state q E Qi, there exists a word ct G such 
that 5{qQ,a) — q and Pr.mif^, ^o,m) S Bi+M. In particular Pr,mi<^, Go,m) G ao+ 
F. Considering a semi-F-pattern P G J'y(X)\{0} and recall that since P is 
(r, m)-dctectable in X (from corollarv ll3.9p . the semi-V^-pattern P is relatively 
prime with r and included into the V^-affine space ao + V (from lemma I9.20p . 
The dense pattern coroUarv 19.231 proves that '^^m 0- Proposition [144] 

proves that if X^ is Presburger-definable, then Ty is co-reachable from q. 
Therefore, we have proved that any state g G is co-reachable from Ty 
if Xq is Presburger-definable. Since this property is decidable in polynomial 
time, we can assume that it is verified (otherwise we decide that Xq is not 
Presburger-definable) . 

Now, let us prove that if Xq is Presburger-definable then Fq n Ty C 
Uie/ Consider q G Fq n Ty ■ There exists a path go — > 9 with a G S*rn- 
Since q G Fq, we get Pr.m{(^,Ga.m) G -'^o- Theorem 113.171 proves that there 
exists P G Ty(Xo)\{0} such that /9r,m(o', eo,™) G P. Since there exists a 
J C {l,...,rt} such that P = Uje./^j + -^^i deduce that there exists 
j G {1, . . . ,n\ such that Pr.mi'^, ^a.rn) G 5j + M . Theorem 1 1 3 . 1 71 proves that 
in this case saff(Zj ) = V. Thus j & J and q G Uie/ have proved 
that Fq n Ty C U"^]^ Qi. Since this property is decidable in polynomial time, 
we can assume that it is true (otherwise we decide that Xq is not Presburger- 
definable) . 

If Xq is Presburger-definable then Zi is Presburger-definable and if i G / 
then [Zi]^ = V and in this case Ty {Xo)\{$} — {Bi+M} since for any semi-F- 
pattern P G (Xq), there exists J C {1, . . . , n} such that P = [JjeJ + ^ 
(recall that corollarv 113.91 proves that any semi-l^-pattern P G CPy(Xo) is 
(r, m)-detectable in Xq). Theorem ll4.18l provides a polynomial time algorithm 
for computing a finite set 3ii of vector spaces such that if Xq is Presburger- 
definable then boundy(Zi)\ y™ ^{F n e^,^} = Jf^. We can assume that Jf^ 
is a set of l/-hyperplanes (otherwise we decide that Xq is not Presburger- 
definable) . Proposition 114.151 shows that if Xq is Presburger-definable then 
for any H ^'Ki, there exists #i,if G {>, >} such that {Bi + M) n {^r,m{w) + 
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jj#i.H V^) is represented by a FDVA of the form . Since we can decide 
this property in polynomial time thanks to proposition 114.1^ we can assume 
that such a relation #i^^f exists. As we can decide in polynomial time if a 
vector X is in N™ n {b\ + M) n {ir,m{w) + H*'-" + V^), proposition [TUT] 
proves that we can compute in polynomial time a positive final function Qi^H 
such that N'" n {Bi + M) n (Cr,m(w) + H*-'» + V^) is represented by A^^-» . 

Now observe that if Xq is Presburger-definable, lemma 113.81 proves that 
there exists a boolean combination Z[ of the set n {Bi + M) and the 
sets n {B, + M) n (Cr,m(w) + H*'-» + V^) such that [XoZ\Z|]^ = [0]^. 
Since any state in Qi is co- reachable from Ty, if such a boolean combination 
exists, there exists a boolean combination Q ■ of the set Qi and the sets Qi^h 
where H € such that Q ■ fl Ty = Fq n Ty. In particular Fq n is a 
boolean combination of the set Qi fl Ty and the sets Qi,H n Ty- Since this 
last property is decidable in polynomial time by the lemma [^TT] we can assume 
that such a boolean combination exists (otherwise we decide that Xq is not 
Presburger-definable). This same lemma [2T] also proves that we can compute 
in polynomial time a boolean formula ipi such that q £ Fq Ci Ty is defined 
by ipi{q £ Qi n Ty, {q G Qi^H n Ty)}i<^^i)- Observe that the set Q'i defined 
hy q & Q'i if i^tiq G Qi, {q € Qi,H)HeMi) is computable in polynomial time. 
Moreover, the set Z'^ represented by A^^ is defined by the Presburger-formula 

M^) ■■= (x e N™ n (B, + M)) A V'»(true, (x £ + H*^-" + F^)^^^,) 

Now, let us consider the Presburger formula (j)' :— Vig/ 'f'i f^nd the positive 
final function Q' — [Ji^j Qi- Remark that the set Z' = IJjgj Z^ is represented 
by the FDVA A'^ and it is defined by the Presburger formula 0'. 

Note that Xi = XAZ' is the set represented by the FDVA A^^ where 
Fl = FqAF' and Xq is Presburger-definable if and only if X\ is Presburger- 
definable. Moreover, by construction of F' , any state q e F' is co-reachable 
from Ty and F' n = Fq n Ty. That means the set of strongly-connected 
components of A^^ reachable from the initial state and co-reachable from a 
final state is strictly included in the strongly connected components of ^1^° 
satisfying this same property. 

Thus, by repeating the previous constructions we obtain a finite sequence 
Xq, X\,..., Xk where k is bounded by the number of strongly connected com- 
ponents of A, and a sequence <pk of Presburger- formulas 0i defining 
Xi-iAXi such that Xk = 0. Note that Xq is therefore Presburger-definable 
since we have the following equality: 

Xq = {XqAXi)A ■ ■ ■ A{X„^iAXk) 

Moreover, from 0i, 0^ we get a Presburger-formula 4> that defines X. 
We have proved the following theorem. 

Theorem 15.2. Let X C Z™ be the set represented by a FDVA A in basis r 
and in dimension m. We can decide in polynomial time if X is Presburger- 
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definable. Moreover, in this case, we can compute in polynomial time a 
Presburger- formula (j) that defines X. 
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